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PREFACE. 



At a meeting of the American Association for the Advancement of Science, 
held in 'August, 1876, at Buffalo, the writer read two papers, entitled respect- 
ively, " Certain New Constructions in Graphical Statics," and " A New Funda- 
mental Method in Graphical Statics." These papers, with considerable addi- 
tions and amplifications, are presented on the following pages ; and to them 
is added a third on The Theory of Internal Stress, 

The paper, entitled New Constructions in Graphical Statics^ is largely 
occupied with the various forms of the elastic arch. The possibility of obtain- 
ing a complete graphical solution of the elastic arch in all cases depends upon 
a theorem not hitherto recognized as to the relative ])Osition of the equilibrium 
curve due to the loading and the curve of the arch itself. The demonstration 
of this theorem, which may be properly named the Theorem Respecting the 
Coincidence of' Closing Lines, as given on page 12, is somewhat obscure. How- 
ever, a second demonstration is given on page 98, and this latter, stated at 
somewhat greater length, may also be found in the American Journal of Pure 
and Applied Mathematics, Vol. I, No. 3. Prof. Wni. Cain, A.M., C.K, has 
also published a third demonstration in Vtin Nostra nd^s Magazine, Vol. XVIII. 
The solution of the elastic arch is further simplified so that it depends upon that 
of the straight girder of the same cross section. Moreover, it is shown that 
the processes employed not only serve to obtain the moment, thrust and shear 
due the loading, but also to obtain those due to changes of temperature, or to 
any cause which alters the span of the arch. It is not known that a graphical 
solution of temperature stresses has been heretofore attempted. 

A new general theorem is also enunciated which affords the basis for a 
direct solution of the flexible arch rib, or suspension cable, and its stiffening 
truss. 

These discussions have led to a new graphical solution of the continuous 
girder in the most general case of variable moment of inertia. This is accom- 
panied by an analytic investigation of the Theorem of Three Moments, in 
which the general equation of three moments appears for the first time in 
simple form. This investigation, slightly extended and amplified, may be also 
found in the American. Journal of Pure and AjJplicd Mathematics, Vol. I, No. 1. 

Intermediate between the elastic and flexible arch is the arch with block- 
work joints, such as' are found in stone or brick arches. A graphical solution 
of this problem was given by Poncelet, which may be found in Woodbury's 
treatbe on the Stability of the Arch, page 404. Woodbury states that tliis 
solution is correct in case of an unsymmetrical arch, but in this he is mis- 
taken. The solution proposed in the following pages is simpler, susceptible 
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of greater acoaracy, and is not restricted to the case when either the arch or 
loading is symmetrical about the crown. 

The graphical construction for determining the stability of retaining walls 
b the first one proposed, so far as known, which employs the true thrust in 
its real direction, as shown by Rankin e in iiis investigation of the stress of 
homogeneous solids. It is in fact an adaptation of that most useful conception. 
Coulomb's Wedge of Maxhnum Thrust^ to Rankine's investigation. 

It has also been found possible to obtain a complete solution of the dome 
of metal and of masonry by employing constructions analogous to those em- 
ployed for the arch ; and in particular, it is believed that the dome of masonry 
is here investigated correctly for the first time, and the proper distinctions 
pointed out between it and the dome of metal. 

In the paper entitled, A New General Method in Graphical Statics^ a 
fundamental process or method is established of the same generality as the 
well-known method of the Equilibrium Polygon The new method is designated 
as that of the Frame Pencil, and both the methods are discussed side by side 
in order that their reciprocal relationship may be made the more apparent. The , 
reader who is not familiar with the properties of the equilibrium polygon will 
find it advantageous to first read this paper, or, at least, defer the others uptil 
he has read it as far as page 83. 

As an example affording a comparison of the two methods, the moments of 
inertia and resistance have been discussed in a novel manner, and this is ac- 
companied by a new graphical discussion of the distribution of shearing stress. 

In the paper entitled. The Theory of Intertial Stress in Graphical Statics, 
there is considerable new matter, especially in those problems which relate to 
the combination of states of stress, a subject which has not been, heretofore, 
sufficiently treated. 

It is hoped that these graphical investigations which afford a pictorial repre- 
sentation, 80 to speak, -of the quantities involved and their relations may not 
present the same difficulties to the reader as do the intricate formulae arising 
from the analytic solutions of the same problems. Indeed, analysis almost 
always requires some kind of uniformity in the loading and in the structure 
sustaining the load, while a graphical construction treats all cases with the 
same ease ; and especially are cases of discontinuity, either in the load or 
structure, difficult by analysis but easy by graphics. 

H. T. E. 
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(^HAPTEU I. 

It is the object of this work to fully dh- 
cuss the stability of all forms of the arcli, 
flexible or rigid, by means of the equili- 
brium polygon — the now well recognized 
instrument for graphical investigation. 
One or two other constructions of inter- 
est may also be added in the sequel. 
The discussion will ])re-8npj)ose an ele- 
mentary knowledge of the properties of 
the equilibrium polygon, and its acconi; 
panying force polygon, for parallel 
forces. 

As ordinarily used in the discussion of 
the simple or continuous girder, the 
equilibrium polygon has an entirely arti- 
ficial, relation to the j)roblem in hand, 
and the particular horizontal stress as- 
sumed is a matter of no conse(juence ; 
but not so with respect to the arch. As 
will be seen, there is a special equili- 
brium ])olygon appertaining to a given 
arch and load, and in this particular 
polygon the horizontal stress is the ac- 
tual horizontal thrust of the arch. When 
this thrust has been found in any given 
case, it permits an immediate determ- 
ination of all other questions respecting 
the stresses. This thrust has to be de- 
termined differently in arches of differ- 
ent kinds, the method being dependent 
upon the number, kind, and position of 
the joints in the arch. 

The methods we shall use de])end upon 
our ability to separate the stresses in- 
duced by the loading into two parts; one 



part being sustained in virtue of the re- 
action of the arch in the same manner as 
an inverted susjiension cable (i.e,^ as an 
equilibrated linear arch), and the remain- 
der in virtue of its reaction as a girder. 
These two ways in which the loading is 
sustained are to be considered somewhat 
apart from eac-li other. To this end it 
appears necessary to restate and discuss, 
in certain a8j)ects, the well-known equa- 
tions applicable to elastic girders acted 
on by vertical pressures due to the load 
and the resistances of the supports. 

Let /^represent any one of the various 
pressures, i^„ P„ Pn> ai)]>lied to the 
girder. 

Consider an ideal cross section of the 
girder at any point O. 

Let cr^the horizontal distance from 
to the force J\ 

Let 7i = the radius of curvature of the 
girder at 0, 

At the cross section O, the equations 
just mentioned become : — 

Shearing stress, aS=25' (7^) 

■Moment of tlexure, M=2: (7V) 



Curvature, 



~Ji EI 



Total bending, B=:^{1'') = :>. (^^) 
Deflection, i) = 2' {Fx) = i" {^j~^ 
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in which JEJ is the modulus of elasticity surface is the polygon or curve, above 
of the material, and / is the moment of described, is considered to have the 
inertia of the girder; and as is well \ same effect as a series of concentrated 
known, the summation is to be extended | loads proportional to the ordinates 
from the point to a free end of the yp acting at the assumed points of 
girder, or, if not to a free end, the sum- . division. If the points of division be 
mation expresses the effect only of the ■ assumed sufficiently near to each other. 



quantities included in the summation. 

Let a number of points be taken at 
equal distances along the girder, and let 
the values of P, >5, M, By D be com- 



the assumption is sufficiently accurate. 

If a polygon be drawn in a similar 

manner by joining the extremities of the 

^ ^ ordinates ym computed from equation 

p\7tedlo7"thesepoTntr by taking O at ,' (^)^,^V«. ^"^^" ,^^^*^ ^^»f polygon is an 



these points successively, and also erect 



equilibrium polygon for the applied 
weights P, and it can also be construct- 



ordinatcs at these points whose lengths wt.igiit« ^, ami ii, can aiso ue const ruci,- 
are proportional to the quantities com- 1 f ^, ^l^'^ectly without computation by the 
puted. First, suppose I is the same at ' ^^^P ^/,^ ^.^^^ polygon havmg some as- 
each of the points chosen, then the ^^^'^^ horizontal stress. 



values of these ordinates may be ex- 
pressed as follows, if a, ft, c, etc., are any 
real constants whatever : 

yp = a,P . . . (1) 

ys =b. 2{P) . . (2) 

ym= c. 2{Fx) =c.M.. (3) 

yb=d.2{M) . . (4) 

ya = e . ^{Mx) . . (5) 

If I is not the same at the different 
cross sections, let P=M-t-I ; then the 
last throe equations must be replaced 
by the following: 



ym'-f.r 


. (3') 


yb'=g. Sir) . 


. (4') 


yd'- h.:s{rx). , 


. (5') 



The ordinates ym and ym' are not 



Now, it is seen by inspection that 
equations (3) and (5), or (3') and (6'), 
have the same relationship to each other 
that equations (1) and (3) have. The re- 
lationship may be stated thus : — If the 
ordinates ym (or ym') be regarded as 
I the depth of some species of loading, so 
'that the polygonal part of the equili- 
;brium polygon is the surface of such 
, load, then a second equilibrium polygon 
constructed for this loading will have for 
its ordinates proportional to yd. But 
these last are proportional to the actual 
deflections of the girder. 

Hence a second equilibrium polygon, 
so constructed, might be called the de- 
flection polygon, as it shows on an ex- 
aggerated scale the shape of the neutral 
axis of the deflected girder. 

The first equilibrium polygon having 
the ordinates ym may be called the mo- 
ment polygon. 

It may be useful to consider the physi- 



equal, but can be obtained one from the cal significance of equations (3), (4), (5), 
other when we know the ratio of the o^' (3')> (4,')» (^')- 

moments of inertia at the different cross , According to the accepted theory of 
sections. ' perfectly elastic material, the sharpness 

v«.,«*:^« t^\ ^ « *!, 1 T o^ ^hc curvature of a uniform ffirder is 
Lquauon (1) expresses the loading, directly proportional to the mfment of 
and yp may be considered to be the : j,,^ >jPJ ^ ^^^ ^ ^j|»' JJ 

depth of some uniform material as • i '* j-/» ^ x* ^ vti*i.ciciJt 
.« *u 1. * .x X- .1 girders or different portions of the same 

earth, shot or masonry constitutine: the S:^,i^„ ;♦ • ; ^^ ° . vij^ oauji. 

1^ J T- • • • :i X -x- £ girder, It 18 inversely proportional to the 

load. Lines loininc: the extremities of ^ • . ' i . i ^x_^ ^ > K v^^^i^l iw cue 

-* «=» resistance which the girder can afford. 

Now this resistance varies directlv as T 



these ordinates will form a polygon, or 
approximately a curve which is the up- 
per surface of such a load. When the 
load is uniform the surface is a hori- 
zontal line. 



varies, hence curvature varies as M-r-I^ 
which is equation (3) or (3'). 



Now curvature, or bending at a point, 
' is expressed by the acute angle between 
For the purposes of our investiga- two tangents to the curve at the distance 
tion, a distributed load whose upper of a unit from each other; and the total 
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bending, i.e. the angle between the tan- due to the forces applied to the arch will 

gent at O, and that at some distant point be sustained at those points which are 
A is the sum of all such angles between i ,^^^ fl^^j^j ^^^^ i,^ ^,jr^^^^ ^f i^^ ^^- 

O and the point A. Hence the total i . , "^ .,., . , 

bending is proportional to :S(j|f-^/) J approximately an equilibrium polygon, 

the summation being extended from ! and partly in virtue of its resistance as a 

to the point A^ which is equation (4) or girder. 

(4'). It is evident from the nature of the 

Again, if bending occurs at a point equilibrium polygon that it is possible 
distant from 0, asuf, and the tangent at with any given system of loading to make 
A be considered as fixed, then O is de- an arch of such form (viz., that of an equi- 
flected from this tangent, and the i librium polygon) as to require no bracing 
amount of such deflection depends both ; whatever, since in that case there will 
apon the amount of the bending at A, \ be no tendency to bend at any point. 
and upon its distance from 0, Hence j Also it is evident that any deviation of 
the deflection from the tangent at A is part of the arch from this equilibrium 
proportional to 2 (Mx-r-I) which is | polygon would need to be braced. As, 
equation (5) or (5'). i for example, in case two distant points 

It will be useful to state explicitly j be joined by a straight girder, it must 
several propositions, some of which are ! be braced to take the place of part of 
implied in the foregoing equations. The i the arch. Furthermore, the greater the 
importance and applicability of some of deviation the greater the bending mo- 
them has not, perhaps, been sufliciently | ment to be sustained in this manner, 
recognized in this connection. Hence appears the general truth stated 

Prop, I. Any girder (straight or other- 1 i" the proposition. 

wise) to which vertical forces alone are }^ .V^} ^^.^^o^iced that the moment 

.;_ ,. , . - . I called into action, at any point of a straight 

applied {i. e., there is no horizontal ^j^^^^, depends not only on the applied 

thrust) sustains at any cross-section the forces which furnish the polvgonal part 

stress due to the load, solely by develop- of the equilibrium polygon, but also on 



ing one internal resistance equal and op- 
posed to the shearing, and another equal 
sod opposed to the moment of the applied 
forces. 

Prop. II. But any flexible cable or 
^'•cb with hinge joints can offer no re- 
^^tance at these joints to the moment 
^^ t;he applied forces, and their moment 
'* Sustained by the horizontal thrust de- 
^^loped at the supports and by the ten- 
*i^ri or compression directly along the 
ca.V>le or arch. 



the resistance which the girder is capa- 
ble of sustaining at joints or supports, or 
the like. For example, if the girder 
rests freely on its end-supports, the mo- 
ment of resistance vanishes at the ends, 
and the "closing line" of the polygon 
joins the extremities of the polygonal 
part. If however the ends are fixed 
horizontally and there are two free 
(hinge) joints at other points of the gir- 
der, the polygonal part will be as before, 
but the closing line would be drawn so 
that the moments at those two points 
vanish. Similarly in every case (though 
the conditions may be more complicated 



It is well known that the equilibrium than in the examples used for illustration) 
F>l^gon receives its name from its being the position of the closing line is fixed 
^*^^ shape which such a flexible cable, or i by the joints or manner of support of 
^^Uilibrated arch, assumes under the i the girders, for these furnish the condi- 
^tiion of the forces. In this case we tions which the moments («. e., the ordi- 
^^y say for brevity, that the forces are , nates of the equilibrium polygon) must 
sustained by the cable or arch in virtue fulfill. For example, in a straight uni- 
^^ its being an equilibrium polygon. 'form girder without joints and fixed 

I^rop. m. If anarch not entirely flexi-''^^^'^^'<^V^»^^y''^^^*^® ends, the conditions 

WJiich it can exert a thrust having a and the deflection of one end below the 
horizontal component, then the moment tangent at the other end also vanishes. 
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Prop. IV. If in any arch that equilibrium I various, and so cannot be considered in 
polygon (due to the weights) be construct- ! » general demonstration. The obscurity, 
ed which has the same horizontal thrust ^^^wcver, will disappear after the treat- 
, ,, , .- . : nient of some particular cases, where we 

as the arch actually exerts; and if its ^^iM take pains to render the truth of 
closing line be drawn from consideration the proposition evident. We may, how- 
of the conditions imposed by the supports, ever, make a statement which will pos- 
etc; and if furthermore the curve of the f^ibly put the matter in a clearer light by 

arch itself be regarded as another equilib- ^^^^^^ ^^^^ ^' ^« ^ ^g^^^ .^*«^b^ f?""^, 

, ,° ^ . 7, -1 J^nd w^e, therefore, employ it to assist m 

rium polygon due to some system of load- ^,^^ determination of^l^' which is un- 

ing not given, and its closing line be.also known, and of A which is partially un- 
fouiid from the same considerations re- known. And we arrive at the peculiar 
spocting supports, etc., then, when these p^opertyof^^thatitsclosing line is found 
two polygons are placed so that these in the same manner as that of ^, by no- 
, . ,r . . -, J .1 . ticiug that the positions of the closing 

closing hues coincide and their areas y^^^^^%f ^ ^^^^ j^. ^^^ y^^^^ determined 

partially cover each other, the ordinatos in the same manner by the supports, etc.; 
intercepted between these two polygons for the same law would hold when the 
are proportional to the real bending mo- "se of the arch is nothing as when it 

ments acting in the arch. ^^« ^"y ""l^J ^'^-^^"^ , ^^"V^' '' ^\^ '^'^' 

° lerence of A and A . Hence what is 

Suppose that an equilibrium polygon true of A and A' separately is true of 
due to the weights be drawn having the their difference A\ the law spoken of 
same horizontal thrust as the arch. We being a mere matter of summation, 
are in fact unable to do this at the out- From this proposition it is also seen that 
set as the horizontal thrust is unknown, the curve of the arch itself may be re- 
We only suppose it drawn for the pur- garded as the curved closing line of the 
pose of discussing its properties. Let j polygon whose ordinates are the actual 
also the closing line be drawn, which bending moments, and the polygon it- 
may be done, as will be seen hereafter, self is the polygonal part of the equili- 
Call the area between the closing line brium polygon due to the weights, 
and tlie polygon, A. Draw the closing It is believed that Prop. IV contains 
line of the curve of the arch itself (re- an important addition to our ])revious 
garded as an equilibrium polygon) ac- knowledge as to the bendinc? moments in 
cording to the same law, and call the an arch, and that it suppfies the basis 
area between this closing line and its for the heretofore missing method of 
curve A\ Further let A be the area of obtaining graphically the true equili- 
a polygon whose ordinates represent the brium polygon for the various kinds of 
actual moments bending the arch, and arches. 

drawMi on the same scale as A and A\ Prop. V. If bending moments M act 

Since the supports etc., must influence on a uniform inclined girder at horizon- 

the position of the closing line of this , , ,. , - ^ ^, 

polygon in the same manner as that of , ^""^ ^»»^ances x from O, the amount of the 

A, we have by Proj). Ill not only vertical deflection yrf will be the same 



A = A'-hA' 



as that of a horizontal girder of the 

same cross section, and having the same 

wiiich applies to the entire areas, but horizontal span, upon which the same 

moments M act at the same horizontal 



also 



distances x from O. Also, if bending 



as the relation between the ordinates of ; moments -3f act as before, the amount of 
these polygons at any of the i)oints of the horizontal deflection, say Xa will be 
division before mentioned, from which ^j^^ ^^^^ ^g ^^^^^ ^^ ^ ^^^^j^^l \^^^ ^^ 
the truth of the proposition appears. j , . -i i . , 

This demonstration in its general form ^*^^ s»"^«. ^''^^s section, and having the 
mav seem obscure since the conditions same height, upon which the same mo- 
imposed by the supports, etc., are quite ' ments M act at the same heights. 
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Let the moment M act at -4, produc- 
ing according to equation (6) the deflec- 
tion 

OC=e.M.AO 

whose vevtical and horizontal compo- 
nents are 

ya = CE and Xd = OE 

For the small deflections occurring in a 
girder or arch, ^10C=90° 

.-. AO: 0F\\ OC: CE 

.'. CE=^yZoE=e,M.OE 
AO 

.'. yd — e , Mx 
Also, A0\ AF\\ OC: OE 

.'. 0E=^,AE=e.3r,AF 
AO 

.-. Xd = e.3fy 

The same may be proved of any other 
moments at other points; hence a simi- 
lar result is true of their sum; which 
proves tlie proposition. 

It may be thought that the demonstra- 
tion is deficient in riijor hv reason of the 
assumfjtion that AOC=00 . 

Such, however, is not the fact as ap- 
pears from the analytic investigation of 
this question by Wm. Bell in his at- 
tempted graphical discussion of the arch 
in Vol. VIII of this Magazine, in which 
the only approximation employed is that | 
admitted by all authors in assuming that 
the curvature is exactly proportional to 
the bending moment. 

We might in this proposition substi- 
tute /\M-7-T for e.Jfy and prove a 
similar but more general proposition re- 



specting deflections, which the reader 
can easily enunciate for himself. 

Before entering upon the particular 
discussions and constructions we have in 
view, a word or two on the general 
question as to the manner in w^hich the 
problem of the arch presents itself, will 
perhaps render apparent the relations 
between this and certain previous inves- 
tigations. The problem proposed by 
Kankine, Yvon-Villarceaux, and other 
analytic investigators of the arch, has 
been this: — Given the vertical loading, 
what must be the form of an arch, and 
what must be the resistances of the 
spandrils and abutments, when the 
weights produce no bending moments 
whatever? By the solution of this ques- 
tion they obtain the equation and prop- 
erties of the particular equilibrium poly- 
gon which would sustain the given 
weights. Our graphical process com- 
pletely solves this question by at once 
constructing this equilibrium polygon. 
It may be remarked in this connection, 
that the analytic process is of too com- 
plicated a nature to be effected in any, 
except a few, of the more simple cases, 
while the graphical process treats all 
cases with equal ease. 

But the kind of solution just noticed, 
is a very incomplete solution of the 
problem presented in actual practice ; 
for, any moving load disturbs the dis- 
tribution of load for which the arch is 
the equilibrium polygon, and introduces 
bendinor moments. For similar reasons 
it is necessary to stiffen a suspension 
bridge. The arch must then be i>ropor 
tioned to resist these moments. Since 
this is the case, it is of no i>artieular 
consequence that the form adopted for 
the arch in any given case, should be 
such as to entirely avoid bending mo- 
ments when not under the action of the 
moving load. 

So far as is known to us, it is the 
universal j)rnctioe of engineers to as- 
sume the form and dinu'nsions, as 
well as the loading of any arch ]>ro- 
jected, and next to determine wheiher 
the assumed dimensions aie consistent 
with the needful strength and stability. 
If the assumption is unsuited to the 
case in hand, the fact will api»ear by the 
introduction of excessive bending mo- 
ments at certain points. The considera- 
tions set forth furnish a guide to a new 
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assuraption which shall be more suitable, 
it being necessary to make the form of 
the arch conform more closely to that of 
the equilibrium polygon for the given 
loading. 

The question may be regarded as one 
of economy of material, and ease of 
construction, analogous to that of the 
truss bridge. In this latter case, con- 
structors have long since abandoned any 
idea of making bridges in which the 
inclination of the ties and posts should 
be such as to require theoretically the 
minimum amount of material. Indeed, 
the amount of material in the case of a 
theoretic minimum, differs by such an 
inconsiderable quantity from that in 
cases in which the ties and posts have a 
very different inclination, that the attain- 
ment of the minimum is of no practical 
consequence. 

Similar considerations applied to the 
arch, lead us to the conclusion that the 
form adopted can in every case be 
composed of segments of one or more 
circles, and that for the purpose of con- 
struction every requirement will then be 
met as fully as by the more complicated 
transcendental curves found by the 
writers previously mentioned. If con- 
siderations of an artistic nature render 
it desirable to adopt segments of para- 
bolas, ellipses or other ovals, it will be a 
matter of no more consequence than is 
the particular style of truss adopted by 
rival bridge builders. 

We can Jilso readily treat the problem 
in an inverse manner, viz : — iind the 
system of loading, of which the assumed 
curve of the arch is the equilibrium 
polviion. From this it will be known 
how to load a given arcli so that there 
shall be no bending moments in it. 
This, as may be seen, is often a \t>ry 
useful item of information ; for, by leav- 
ing open spaces in the masonry of the 
spandrils, or by properly loading the 
crown to a small extent, we may fre- 
quently render a desirable form entirely 
stable and practicable. 

CHAPTER II. 

THE ARCFI UIB WITH FIXED ENDS. 

Let us take, as the particular case to 
be treated, that of the .St. Louis Bridge, 
which is a steel arch in the form of the 



arc of a circle ; having a chord or span 
of 518 feet and a versed sine or rise of 
one-tenth the span, i. €. 51.8 feet. The 
arch rib is firmly inserted in the im- 
mense skew-backs which form part of 
the upper portion of the abutments. It 
will be assumed that the abutments do 
not yield to either the thrust or weight 
of the arch and its load, which was also 
assumed in the published computations 
upon which the arch was actually con- 
structed. Further, we shall for the 
present assume the cross section of the 
rib to have the same moment of iner- 
tia, Z, at all points, and shall here only 
consider the stresses induced by an 
assumed load. The stresses due to 
changes in the length of the arch itself, 
due to its being shortened by the load- 
ing, and to the variations of temperature, 
are readily treated by a method similar 
to the one which will be used in this 
article, and will be treated in a subse- 
quent chapter. 

Let h^ a 6/ in Fig. 2, be the neutral 
axis of the arch of which the rise is one- 
tenth the span. Let axy z be the area 
representing the load on the left half of 
the arch, and a x' y' a' that on the right, 
so that yp=ia , P—xy on the left, and 
yji = x*y' on the right. 

Divide the sj)an into sixteen equal 
parts hh y^ hb^\ etc, and consider that the 
load, which is really uniformly dis- 
tributed, is applied to the arch at the 
points a, «„ a/, etc., in the verticals 
through />, ^„ ^/, etc.; so that the equal 
weights P are applied at each of the 
points on the left of a and the equal 
weights J P at each point on the right 
of f/, while 3 P is applied at a. 

Take h as the pole of a force polygon 
for these weights, and lay off the weights 
which are applied at the left of a on the 
vertical through h^^ viz., h^ t^, = J P=the 
weight coming to a from the left ; 
w^ ^r„=P=the weight apj)lied at a, ; 
w^ ii?g=P=the weight applied at r/^, etc. 
Using h still as the pole, lay off bj to/ = 
J 7-*= the weitj:ht coming to a from the 
right; w^' %o^ =i JP=the weight applied 
at a/, etc. This amounts to the same 
thing as if all the weights were laid off 
in the same vertical. Part are put at 
the left and part at the right for con- 
venience of construction. Now draw 
bw^ until it intersects the vertical 1 at c^; 
then draw c, c, || bw^ ; and c, c, || bw^^ 
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€tc. In the same manner draw bic^' to 'negative loading must be equal numeric- 
o,' ; then c/ c,' || Atp/, etc. Then the ally to the whole positive loading, if we 
broken line />Cj ... c, is the equilibrium , are to have ^ {J\f) = 0. Next, as the 
polygon due to the weights on the loft closing line is to be straight, tlie nega- 
of </, and ftc/ . . . c^' is that due to the ; tive load <\ 0/ //^ A/ may be considered 
iveights on the right. Had the polygon in two parts, viz., the two triangles, 
been constructed for the uniformly dis- c^ cj h^ and <•/ h^ /t/. Let the whole 
tribnted load (not considered as concen- span be trisected at t and t\ then the 
tnited), on the left we should have a total negative loading may bo considered 
parabola passing through the points I to be applied in the verticals through 
oe^, , , c., and another parabola on the t and t\ since the centers of gravity of 
right through bc^' . . . <\', From the the triangles fall in those verticals. 
properties of this parabola it is easily 1 Again, the positive loading we shall find 
seen that c, must bisect tr^tr,, as cJ must I it convenient to distribute in this man- 
also bisect w^ tr/ ; which fact serves to ner : viz., the triangle c^ b r/ aj)plied in 
i test the accuracy of our construction, the vortical through ft, the parabolic area 

\ This test is not so simple in cases of /> c, . . . c\ in the vertical 4 which con- 

\ more irregular loading. J tains its center of gravity, and the para- 

The equilibrium polvgon c^ h c/ is that , bolic area be/ . . . r/ in 4'. 
due to the applied weights, but if these \ Now these areas must be reduced to 
.t ^ weights act on a straight girder with j equivalent triangles or rectangles, with 

fixed ends, this manner of sup])ort re- a common base, in order that we may 
quires that the total bending be zero, i compare the loads they represent. Let 
when the sum is taken of the bending the common base be half the span : then 
at the various points along the QniivQ ■ bb^=pp' 'ib the positive load due to the 
eirder ; for, the position of the ends triangle <?^ b cJ ; and § c^ c^^pp^ and 
does not change under the action of the § <\^ ^^^^VVx *^® ^^^ positive loads due 
weights, hence the positive must cancel to the parabolic areas, 
the negative bending. To express this Now assume any point 7 as a pole 

for the load line p^p/ and find the center 
of gravity of the positive loading by 



by our equations : 

•^ ^ ' ^ ^ drawing the equilibrium polygon, whose 

This is one of two conditions which ■ sides are parallel to the linos of this 

*re to enable us to fix the position of the force polygon : viz., use qp^ and *ip as 

tnie closing line hji/ in this case. The the 1st and 2nd sides, and niako/)</' || qp\ 

other condition results from the fact : Ji"d ^'y, || y^)/. The first and last sides 

'h at the algebraic sum of all tho dofleo- intersect at q^\ therefore the contor of 

tioiis of this straight girder must be , gravity of tho positive loads must lie in 

zero if the ends are fixed horizontally, i the vertical through q^. 

This is evident from the fact that ' Now the negative loading must have 

vlien one end of a girder is built in, if its contor of gravity in the same vortical, 

a tangent be drawn to its neutral axis , in order that the condition -^'(JAr)r=o 

*^ that end, the tangent is unmoved ^^^J^y he satisfied, for it is tho numerator 

'whatever defiections may ])e given to <>f the general ex])rossion for finding 

the girder; and if the other end be also the contor of gravity of tho loading. 

fixed, its position with roferenoe tothis 'i'ho question then assumes this form: 

^*"gent is likewise unchanged by any what negative loads must be apj)lied in 

^J^tlections which may bo given to the the verticals through i and t' that their 

gmler. To express this by our equations: i ^'"'n i»ay bo />,/>/, and that they may 

»/^— *• V / ]ir^\ f\ / ^^ t-ar \ f^ have thoir center of gravitv in tho vorti- 

•^ ^ '^ ^ ^ I cal through (/,. 

The method of introducing those con- The shortest wav to obtain these two 

<^Hion8 is due to Mohr. Consider the segments of p^p^ is to join ?• and r' 

*f^^ included between the straight line which are in the horizontals through 

^»<'/ and the polygon (\ b cJ as some />, and jt)/, and draw an horizontal 

sptcies of pins loading ; wo wish to find | through q^, which is the intersection of 

^hat minus loading will fulfill the above rr' with the vortical through q^\ then 

two conditions. Evidently the whole 'rr, and r'r/ are the required segments 
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of the negative load. For, let rr^ =/>//>,! we intend to make between the poly- 
and take r' as the pole of the load rr, ; gons c and d (as we may briefly desig- 
then, since r^q^\\ r, r' and ^^ r' || r r' we i nate the polygons c^ b c/ and c?^ d dj)^ let 
have the equilibrium polygon r, q^ r' f ul- us notice the significance of certain oper- 
filling the required conditions. ations which are of use in the construe- 

Now these two negative loads i\r^=^ tion before us. One of these is the 
r/r' and ?*r„ are the required heights of multiplication of the ordinates of the 
the triangles c^ h^ c/ and c^ c/ A/; there- polygon or curve a to obtain those of d. 



fore lay off c^ h^=r'r/ and c^' h^'=rr^. 

The closing line ^^/i/ can then be 
drawn, and the moments bending the 



If a was inverted, certain w^eights might 
be hung at the points a„ «„ etc., such 
that the curve would be in stable equi- 



straight girder will then be proportional librium, even though there are flexible 
to /l^ c„ h^ c,, etc., the points of inflexion joints at these points. Equilibrium 
being where the closing line intersects , would still exist in the present upright 
the polygon. If the construction has j position under these same applied 
been correctly made, the area above the weights, though it would be unstable, 
closing line is equal to that below, a test jif now, radiating from any point, we 
easy to apply. draw lines, one parallel to each of the 



Let us now turn to the consideration 



sides aa„ a^ «„ aa/, etc., of the polygon, 



of the curve of the arch itself, and treat i then any vertical line intersecting this 
it as an equilibrium polygon. Since the i pencil of radiating lines will be cut by it 
rise of the arch is such a small fraction in segments, which represent the relative 
of the span, the curve itself is rather flat weights needed to make a their equilibri- 
for our purposes, and we shall therefore i um polygon. By drawing the vertical line 
multiply its ordinates ab, a^ ^„ etc., by | at a proper distance from the pole, its 
any number convenient for our purpose: total length, ?'. c^., the total load on the 
in this case, say, by 3. We thereby get | arch can be made of any amount we 
a polygon d^ddj such that d b=*S r^^, ' please. The horizontal line from the 
d^b^ = '^ d^b^, etc. If a curve be de- pole to this vertical will be the actual 
scribe«l through d^. . ,d, , ,dj it will be horizontal thrust of the arch measured 
the arc of an ellipse, of which d is the on the same scale as the load. If .h like 
extremity of the major axis. pencil of radiating lines be drawn paral- 

If wc* wisli to find the closing line kjcj lei to the sides of the polygon d and the 
of this curve, such that it shall make load be the same as that we had sup- 
^{3Li) — () and ^ {jll(ix)=0, the same i posed upon the polygon cr, it is at once 
process we have just used is here appli- 1 seen that the pole distance for (^ is one- 
cable ; but since the curve is symmetri- 1 third of that for a ; for, every line in d 
cal, the object can be effected more has three times the rise of the corre- 
easily. By reason of the symmetry ! sponding one in «, and hence witli the 
about the vertical through b, the center same rise, only one-third the horizontal 
of gravity of the positive area above the '■ si)an. The increase of ordinates, tlien, 
horizontal through b lies in the vertical i means a decrease of pole distance in the 
throuGjh />. The center of gravity of the ' same ratio, and vice versa. As is well 
Degative area lies there also ; hence the , known, the product of the pole distance 
negjitive area is symmetrical about the j by the ordinate of the equilibrium poly- 
center vertical; the closing line must then | f^^on is the bending moment. This pro- 
be horizontal. It only remains then to find j duct is not changed by changing the 
the height of a rectangle having the same ! pole distance. 

area as the elli])tical segment, and hav- 1 Again, suppose the vertical load-line 
ing the span for its base. This is done of a force polygon to remain in a givt'U 
very approximately by taking (in this position, and the pole to be moved ver- 
case where the span is divided into 10 tically to a new position. No vertical 
equal segments) ^ the sum of the ordi- or horizontal dimension of the for<*e 
nates b^ r/j, etc. polygon is affected by this change, 

We thus find the height bk and the neither will any such dimension of the 
horizontal through k is the required equilibrium polygon corresponding to 
closing line. i the new position of the pole be differ- 

Before effecting the comparison which I ent from that in the polygon corre- 



IN GRAPHICAL STATICS. 17 



spending to the first position of the pole; determining the pole distance of the 
the direction of the closing line, how- , polygon e, which is one-third of the 
ever, is changed. Thus we sec that the actual thrust of the arch measured on 
closing line of any equilibrium polygon the scale of the weights w, w,^^ etc. The 
can be made to coincide with any line physical significance of this condition 
not vertical, and that its ordinates will may be stated according to Prop. V, 
be unchanged by the operation. It is thus : if the moments Md are applied to 
unnecessary to draw the force polygon a uniform vertical girder bd at the points 
to effect this change. ^, ^/, />/, /-'/, etc., at the same height 

Now to make clear the relationship ,*\^'^, ^'/''*;^°-' *^^y^'VfiV'* *^*'*' '"T, 
between the polygons c and d, let us total deflection a«=e. :S(J/rfy) as will 

suppose, for the instant, that the poly- \ ^^^ moments Mc when applied at the 

gon « has been drawn bv some means "'""*' V«'nt«- , "f.''*'^ '^ ^'^ ^xemeA a» 

as vet unknown, so that' its ordinates "i TV" x. "^' '^■v^?^'' "^^T ' '* 

from r? viz ed-u ed-,i etc -iro «*'flection by an equilibrium polygon. 

irom «, -tlZ., ea—y, e « — y , eiC, .ire Siii>no«. tlif> Imrl at rl \a rl I- anrl flint 

proportional to the actual moments Jfe *"PP«^ the load at a is a K,, and that 

which tend to bend the arch. f. < '%< *•• *=*«•'. ^^^? *!'*» at b, is 

i 0^ A'^. 1 his approximation is sufficiently 

The conditions which then hold re- accurate for our purposes, 
apecting these moments J/^, are three: — Now lav off on /„ ^ ' as a load line 



2. (Me) = 0, 2. (^Mex) = (), 2 (Mei/} = 0. etc. The direction of these loads .must 

rru i' * J-*- • * 1 4i ^*^ chan<^ed \vhen they fall on the other 

J he tirst condition exists because tlie „. , ^r^.» t / 77 

. . 1 , ,. /. T ^ 1 . side of the line k: <?.</., 7h^ m^=k^ a.. 

total l)tMidinff from end to tMul is zero t/? . 1 • , \.' i A * \ \i* 

1 ^, ", i2 1 mi 1 At tins process be continued through the 

when the ends are fixed. Ihe second ^ .- ^ , / / * j \ -urn 

„ 1 ^, . , ^ , *i * .. 1 1 entire arch m. (not drawn) will lall as 

and third are true, because the total de- f... * . *i ^ • i\ ^ r 7 ^ , .1 

a ^' ' 1 ^1 *• 11 11- '-u to the ri<xht of a as 7/1^ does to the 

flection is zero both vertioallv and hori- i.f* ^ 1 *i*^ 1 ^ 1 ■» *ii • * i 

^ ,, . ^x . • • 1 1 l^lt, and the last load will just reach 

zoiitally, since the span is uiivariable as .^ » . rn - - . ^ v ^1 

,„ ,, ^\x ••• r *i * * * to (/ again. This is a test ol the cor- 

well as the i^osition of the tani^ents at «^^^,, '^ -.i 1 • i *u •*• r .1 

,1 1 rpl 1, . ^ 1 rectness with which the position of the 

the ends. Ihese results are in accord- ^ 




and with a new pole distance. As ir, „i • i • ^1 1 r* i ir r *i 

„_ ^ 1^11 I * ^*^d which are in the left half ol the 

nioraents are unchanged bv sucli trans- ..„ , rp, . i^. ^^ . , 

£^ ^' , . 1 '^^^ ^i ' ^ arch. Ihe moments Md on the riij:ht 

tormations, let us denote these moments „.,„ . .♦ ^ ^i i • 1 i • 

K,. ^r \\T 1 14.- *i ^ "^«^y *^^t on another equal girder, havmu: 

oy Mc. W e have btrtore seen tliat ^1 _ • •4- 1 -J 11 i •. fl 

^ the same initial position ba, and it will 

■^f^r\ ^ 1 -^'/ir \ ,. then be e(iuallv deflected to the riijht of 

::(3/r)=0, ami :^(J/;;.r)=0 ,,j Tins is not drawn. 

Subtract -^»^"b suppose these vertical girders 

fixed at b are bent instead by the 

'\:S{Mc-3Ie) = 0,:i\\(\:^{Mc-Mey=^^ moments Mc, We do not know just 

liow much these moments are, though we 
.'. 2{Md) = and 2: {Mt.hi'') = do know that they are proportional to 

the onlinates of the polygon c, There- 

From this it is seen that the ]>olygon fore make dn^ — ^ h^ c\^ n^ n^ — //, r,, 

'I must have its closing line fuHill the if^ >% = /'„ <\, t'le. When all these loads 

same conditions as the polvi^on t*. Thi.s are laid off, the last one it'd— h hj rj 

IS in accordance with Prop. IV. must just return to (/. This tests the 

accuracy of the work in determining tiie 
Again, 2: {Mey) = 2f {Mr — Md)y=0 position of //, ///. 

Now using b as a pole as before, con- 
.*. 2 {Mcf/) = 2:: {Md'/). struct the deilection curves bf/ sunl b(/\ 

Since these two deflections, viz., 2 d/^ 
This last condition we shall use for and (/[/' ought to be the same, this fact 
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informs us that each of the ordinates 
A, c„ A, c„ must be increased in the ratio 
of ^ gg' to df, in order that when they 
are considered as loads, they may pro- 
duce a total deflection equal to 2df. 
To effect this, lay off h)-=df dixid. bi= 
i gg\ and draw the horizontals through 
* and y. At any convenient distance 
draw the vertical t^y^, and draw hi^ and 
hj^. These last two lines enable us to 
effect the required proportions for any 
ordinates on the left, and these or two 
lines of the same slope on the right to 
do the same thing on the right. E, g, 
lay off the ordinate h\'=h^' c/, then 
the required new ordinate is bj^'. Then 
lay off k' e^'= hj'. In the same man- 
ner find k e from A by and k^ e^ from h^ c^. 
In the same manner can the other ordi- 
nates k^ 6j, etc., be found ; but this is 
not the best way to determine the rest 
•of them, for we can now find the pole 
and pole distance of the polygon e. 

As we have previously seen, the pole 
distance is decreased in the same ratio 
as the ordinates of the moment curve 
are increased, therefore prolong bi^ to v„ 
and draw a horizontal line through v, 
intersecting bj\ at v, and the middle ver- 
tical at Vj, ; then is v, v^ the pole dis- 
tance decreased in the required ratio. 
Hence we move up the weight-line w^ w^ 
to the position u^ u^ vertically through 
^,; and for convenience, lay off the 
weights w/ w^ at u^ ?//, etc. 

Furthermore, we know that the new 
closing-line is horizontal. To find the 
position of the pole o so that this shall 
occur, draw Jy parallel to AA^, and from 
^ the horizontal vo. As is well known, 
w divides the total weight into the two seg- 
ments, which are the vertical resistances 
of the abutments, and if tlie pole o is 
on the same horizontal with v, the 
olosing line will be horizontal. 

Now having determined the positions 
of the points e^, 6, <?/, starting from one 
of them, say e^, draw e^e^ \\ ou^^ ^-^^^W o^-,-, 
€tc. ; then if the work be accurate, the 
polygon will pass through the other two 
points e and e/. The bending moments 
of the arch d or the areh a at a,, r/^, etc., 
is the product of the pole distance 
fC^v^=v'o by the ordinates <r^, '?,, <^.j ^.j, 
etc., respectively, and between these 
points a similar product gives the mo- 
ment with sufiicient accuracy. It would 
be useful for the sake of accuracv to 



multiply the ordinates of the arch by 
some number greater than 3. 

As a final test of the accuracy of the 
work, let us see whether 2 {Me]/) is ac- 
tually zero, as should be. At c/,, for ex- 
ample, 7/z=d^l^y and Me is proportional 

to c?, €,. Then d., s^ is proportional to 
Mej/ at that point if €, s^ is the arc of 
a circle, of which e l^ is the diameter. 
Similarly find «?/«,, etc. When e^ for 
example falls above c?^, the circle must 
be described on the sum of l^d^ and d^e^^ 

as a diameter, and d^ s* is proportional 
to a moment of different sign from that 
at d^. We have distinguished the sign 
of the moments at the different points 
along the arch, by putting different 
signs before the letter s. It would have 
been slightly more accurate to have used 
only one-half the ordinates b^ e^ and 
^*» ^e'> ^^^ ^8 they nearly equal in this 
case and of opposite sign, we have in- 
troduced no appreciable error. 

Now at any point 8 lay off .s.s'.=(/^5„ 
and at right angles to it «, s^ = b^ s^, then 
at right angles to the hypothenuse ss^ 
make s^8^'=d^' sj, etc. Then the sum 
of the positive squares is 55/, and simi- 
larly the sum of the negative squares is 
«5,. If these are equal, then J^' {Mey) 
vanishes as it should, and the construc- 
tion is correctly made. 

It would have been equally correct to 
suppose the two vertical girders fixed at 
d. and bent bv the moments actinsr. We 
could have determined the required ratio 
equally well from this construction. 
Further, in proving the correctness of 
the construction by taking the algebraic 
sum of the squares, we could have reck- 
oned the ordinates, ?/, from any other 
horizontal line as well as from /. //. 

To find the resultant stress in 
the different portions of the arch, 
we must prolong v'o to <>', say, 
(not drawn) so that the pole distance 
r'o' = .S v'o ; then if we join o' and w^, 
o'u^ will be the resultant stress in the 
segment b^a^^^ ou^ will be the stress in 
</, a^^ etc., measured in the same scale as 
the weights w^ «?,, etc. This resultant 
stress is not directly along the neutral 
axis of the arch. 

The vertical shearing stress is construct- 
ed in the same manner as for a girder, 
bv drawins: one horizontal through xjo^ 
between the verticals 7 and 8, another 
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through w, between 1 and 6, etc. (not 
drawn). Then the shear will be the ver- 
tical distance between vo and these hori- 
zontals through tOg, t/?„ etc. It is seen 
that the shear will change sign on the 
vertical through ft, with our present 
loading. 

The actual position of the vertical 
through the center of gravity of the 
load may be found by prolonging the 
first and last sides of the polygon c. A 
weight = 4 P = to^w^ ought, however, 
first to be applied at \, and another 
= i JP= w^' wj at b^\ The shearing 
stress under a distributed load will 
actually change sign on the vertical so 
found. It will not pass far however 
from ft,. 

The resultant stress is the resultant of 
the liorizontal thrust and the vertical 
shearing stress, and it can be resolved 
into a tangential thrust along the arch 
and a normal shearing stress. This 
resolution will be effected in Fig. 3 of 
the next chapter. 

As to the position of the moving load 
which will produce the maximum bend- 
ing moments, we may say that the posi- 
tion chosen, in which the moving load 
covers one-half tlie span, gives in general 
nearly this case. It is possible, how- 
ever, to increase one or two of the 
moments slightly by covering a little 
more than half the span with the mov- 
ing load. 

The loading which produces maximum 
moments will be treated more fully in 
subsequent chapters. 

The maximum resultant stress and 
maximum vertical shear occur in gen- 
eral when the moving load covers the 
whole span. The construction in this 
case is much simplified, as the poly- 
gon c is then the same on the right of 
b as it now is on the left, and the 
center of gravity of the area is in the 
center vertical ; so that the closing line 
h^ A/ is horizontal, and can be drawn 
with the same ease as k^ k/ was drawn. 
We shall not, even in this case, be under 
the necessity of drawing the curves ft// 
and ft^', which would be both alike ; for, 
as may be readily seen, the sum of the 
positive moments Mc on the left must 
be very approximately equal to the 
positive moments 3fd on the left, and 
the same thing is true for the negative 



moments at the left. The same two 
equalities hold also on the right. From 
this we at once obtain the ratio by which 
the ordinates of the polygon c must 
be altered to obtain those of the poly- 



gon e. 



This last approximation also shows us 
that for a total uniform load, the four 
points of inflection when the bending 
moment is zero, lie two above and two 
below the closuig line. It is frequently 
a sufliciently close approximation in the 
case when the moving load covers only 
part of the span to derive the ratio 
needed by supposing that the sum of all 
the ordinates, both right and left, above 
the closing line in the polygon c must 
be increased, so that it shall equal the 
corresponding sum in the polygon d. 
If the sums taken below the closing 
lines give a slightly different result, take 
the mean value. 

Thus the single construction we have 
given in Fig. 2, and one other much 
simpler than this, which can be ob- 
tained by adding a few lines to 
^^S' 2, give a pretty complete deter- 
mination of the maximum stresses on 
the assumptions made at the commence- 
ment of the article. 

One of these assumptions, viz., that 
of constant cross section {i, e, /= con- 
stant), deserves a single remark. In 
the St. Louis Arch I was increased 
one-half at each end for a distance of 
one-twelfth of the span. This very 
considerable change in the value of J 
slightly reduced the maximum moments 
computed for a constant cross section. 
From other elaborate calculations, ])ar- 
ticularly those of Heppel,* on the Britan- 
nia Tubular Bridge, it appears that the 
variation in the moments caused by the 
changes in cross section, which will 
adapt the rib to the stresses it must sus- 
tain, are relatively small, and in ordinary 
cases are less than five per cent, of the 
total stress. The same considerations 
are not applicable near the free ends of 
a continuous girder, where / may theo- 
retically vanish. In the case before us, 
where the principal part of the stress 
arises not from the bending moments, 
but from the compression along the 
arch, the effect of the variation of lis 
very inconsiderable indeed. 

• Philosophical Magazine^ Vol. 40, 1870. 
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CHAPTER in. 

ARCH RIB WITH FIXED ENDS AXD HINGE 
JOINT AT THK CROWN. 

Let the curve a of Fig. 3 represent 
the proportions of the arch we shall use 
to illustrate the method to be applied to 
arches of this character. The arch a is 
segmental in shape, and has a rise of one- 
fifth of the span. It is unnecessary to 
assume the particular dimensions in feet, 
as the above ratio is sufficient to deter- 
mine the shape of the arch. 

The arch is supposed to be fixed in the 
abutments, in such a manner that the 
position of a line drawn tangent to the 
curve a at either abutment is not changed 
in direction by any deflection which the 
arch may undergo. At the crown, how- 
ever, is a joint, which is perfectly free to 
turn, and which will, then, not allow the 
propagation of any bending moment 
from one side to the other. In order 
that wc may effect the construction more 
accurately, let us multiply the ordinates 
of the curve a by some convenient num- 
ber, say 2, though a still larger multi- 
plier would conduce to greater accuracy. 
We thus obtain the polygon d. 

Having divided the span h into twelve 
equal parts Z>, ^,, etc, (a larger number of 
parts would b,e better for the discussion of 
an actual case), we lay off below the hori- 
zontal line b on the end verticals, lengths 
which express on some assumed scale the 
weights which may be supposed to be 
concentrated at the points of division of 
the arch. If a I is the depth of the load- 
ing on the left and al'—-\al that on the 
right, then h^iv^-\-h^w^= the weight con- 
centrated at o\ w^ii\= the weight at a,; 
w^' w./= the weight at a/, etc. Using 
^ as a pole, draw the equilibrium polygoh 
Cy whose extremities c^ and <?/ bisect 
2^3 7i\ and w/ w/ respectively. 

Now to find the closing line of this 
equiliV^rium polygon so that its ordinates 
shall be proportional to the bending mo- 
ments of a straight girder of tlie same 
span, and of a uniform moment of inertia 
7, which is built in horizontally at the 
ends and has a hinge joint at its center; 
we notice in the first place that the bend- 
ing moment at the hinge is zero, and 
hence the ordinate of the equilibrium 
polygon at this point vanishes. The 
closing line then passes through b the 
point in question. Furthermore it is 



evident that if we consider the parts of 
the girder at the right and left of the 
center as two separate girders whose 
ends are joined at the center, these ends 
have each the same deflection, by reason 
of this connection. 

This is expressed by means of our 
equations by saying that 2:(Mx) when 
the summation is extended from one end 
to the center is equal to 2{Mx) when the 
summation is extended from the other 
end to the center, for these are then pro- 
portional to the respective deflections of 
the center. We may then write it thus : 






{Mx)=^2lAMx) 



The equation has this meaning, viz : 
that the center of gravity of the right 
and left moment areas taken together is 
in the center vertical : for, taking each 
moment ilf as a weight, x is its arm, and 
Mx its moment about the center. . 

In order to find in what direction to 
draw the closing line through b so that 
it shall cause the moment areas together 
to have their center of gravity in the 
center vertical through b, let us draw a 
second equilibrium polygon using the 
moment areas as a species of loading. 

The area on the left included between 
any assumed closing line as bb^ (or bh^) 
and the polygon bc^ may be considered 
to consist of a positive triangular area 
brj)^ (or bi\h^) and a negative parabolic 
area bc^c^c^\ and similarly on the right a 
positive area bc^'b^' (or bcj/i/) and a nega- 
tive area bc^'c^cj. 

At any convenient equal distances from 
the center as at }:> and p', lay off these 
loads to some convenient scale. It is, 
perhaps, most convenient to reduce the 
moment areas to equivalent triangles 
having each a base equal to half the 
span: then take the altitudes of the tri- 
angles as the loads. This we have done, 

so that />i>,=K^3». ^"^^ ;>>/=ro'5'- 

Now assume, for the instant, that closing 
line is bjb^^ which of coursQ is incorrect, 
and make j\i\ = b^o^ and p,'}\' = b^'f\[, 
then these are the loads due to the posi- 
tive triangular areas at the left and right 
respectively, while />/>, and 7>/>/ are the 
negative parabolic loads. 

Take o' as the pole of these loads, then 

pp' may be taken for the first side of the 

second equilibrium polygon. Draw /^Q 

II o'p^ and 2^^^/ II ^'Pi\ ^^^ ^^^^n from q 
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and q' draw parallels to o'p^ respective- 1 apply Prop. IV, for the determination of 
ly. These last sides intersect at q^» The j the bending moments, 
vertical through q^ then contains the ' That Prop. IV is true for an arch of 
center of gravity of the moment areas : this kind is evident; for, the loading 
when h^ h^ is assumed as the closing i causes bending moments proportional to 
line. ! tlie ordinates A^c,, A^o,, etc., while the arch 

A few trials will enable us to find the , itself is fitted to neutralize, in virtue of 
position of the closing line which causes | its shape,moments which are proportional 
the center of gravity to fall on the center to A;„<t, hjl^^ etc. The differences of 



vortical. We are able to conduct these 
trials so as to lead at once to the required 



2 5> 



's a> 



the moments represented by these ordi- 
nates are what actually produce bending 



closing line as follows. Since, evidently, in the arch, 
^/*«'^^/'V=^'o^« + ^*6'^*6'» it is seen that the| Now the ordinates of the type he are 
sum of the positive loads is constant, i not drawn to the same scale as those of the 
Therefore ^^^^^ pj>.^=j\'p^^ and use /?,/>, type^<7, for each was assumed regardless 
and p^'p^' as the positive loads, in the of the other. In order that we may find 
same manner as we used />,/>, and p\p\ the ratio in which the ordinates he must 
previously. be changed to lay them off on the same 

This will be equivalent to assuming a scale as kd it is necessary to use another 
new position of the closing line. The equation of condition imposed by the 



only change in the second equilibrium 
polygon will be in the position of the 
last t wo sides. These must now be drawn 
parallel to o'p^ and o'p^ respectively; 
and they intersect at </,. The vertical 
through q^ contains the center of gravity 
for this assumed closing line. Another 
trial gives us q^. 

Now if the direction of the closing 
line had changed gradually, then the in- 
tersection of the last sides of the second 
equilibrium polygon would have de- 
scribed a curve through ^^, </, and q^. If 
one of these points, as q^y is near the cen- 
ter vertical, then the arc of a circle q^q^ 
q^, will intersect it at q^ indefinitely near 



nature of the joint and supports, viz: 



or 



4^ (Mi-M,)y = 4AMa-Mc)y 



The left hand side of the equation is the 
horizontal displacement (/.€., the total 
deflection) of the extremity a of the left 
half of the arch, due to the actual bend- 
ing moments {Ma —-^c) acting upon it: 
and the right hand side is the horizontal 
displacement of a the extremity of the 
right half of the arch due to the moments 
actually bending it. These are equal be- 



to the point where the true locus of the cause connected by the joint. 

points of intersection would intersect the ' The construction of the deflection 

center vertical. curves due to these moments will enable 

Let us assume that q^ is then deter- us to find the desired ratio, 
mined with sufticient exactness by the The ordinates kd and he are rather 
circular arc q/J^q^, and draw qq^ and q'q^ longer than can be used conveniently, to 
as the last two sides of the second equili- 1 represent the intensity of the moments 
brium polygon. Now draw o^p^ \\ qq^ \ concentrated at d^^d^^ etc, and o,,^,, etc.: 
ami o7>/ II S^'^j, then /^,/>5=Cg^g and jt>//>/ so we will use the halves of these quan- 
='•//// are the required positive loads, i titles instead. Therefore lay off dm^= 
and hjbh^' is the position of the closing ' i kjb^, ^«6^^6 = i^S ^6> ^6^4=i^'/^4> <^t;c., 
line such that the center of gravity of ^ and also dn^ = J A^c^, n^n^ = \ h^c^^ etc. 



We use only one-quarter of each end 
ordinate because the moment area sup- 
': posed to be concentrated at each end has 



the moment areas is in the center verti- 
cal. 

It is evident that the closing line of the 
polygon d considered as itself an equilib- , only one half the width of the moment 
riura polygon is the horizontal line I areas concentrated at the remaining 
through (/, for that will cause the center points of division. 



of gravity of the moment areas on the 



Using ^ as a pole we find the deflection 



left and right, between it and the polygon curve fb due to the moment Ma or Md 



«?, to fall on the center vertical. 



and the deflection curve gb due to the 



The next step in the construction is to , moments Mc on the left. On the right 
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we should find a deflection df=d/' not vertical through ^3. Then ^^3 is the actual 
drawn, and similarly a deflection d(/' not ' horizontal thrust of this arch due to the 
equal to dg. weights; and ov^ is the resultant stress 

Now the equation we are using requires | in the segment a^b^ of the arch, which 
that the ordinates he shall be elongated^ may be resolved into two components 
so that when used as weights the deflec- or^ and v^r^ respectively parallel and per- 
tions shall be identical : e.e., we must ; pendicular to aj>^, 

have d/=i(/(/'. To effect the elongation, I Then are or^ and v/, respectively, the 
lay off aj=df and «i=i<7<7'; and at any thrust directly along, and the shear di- 
convenient distance on the horizontals ii^ rectly across the segment aj)^ of the 
and j[/q draw the vertical l^j\; then the arch. Similarly or^ and v^r^ represent 
lines ai^ and qj\ will effect the required ; the thrust along, and the shear across 
elongation. For example, lay off ai^= the segment «^«^, and so on for other 
A/^, from which we obtain aj\z=k\e^ for segments. These quantities are all 
the left end ordinate, and similarly «;V= measured in the same scale as that of the 
k/e/, applied weights. 

The pole distance U^, of the original The shear changes sign twice, as will 
polygon c must be shortened in the ' be seen from inspection of the directions 
same ratio in which the ordinates are in which the quantities of the type vr 
elongated. Hence the new pole distance are drawn. The shear is zero wherever 
of the polygon e is tt,^. the curves d and e are parallel to each 

Since kjc/ is the closing line of the other. Thus the shear is nearly zero at 
polygon e, and is horizontal, the pole of b^, at a, and at some point between a,' 
e is o, on the horizontal through h^; for, ' and a^\ 

h^w^ is the part of the applied weight : The maxima and minima shearing 
sustained by the left support. ; stresses are to be found where the incli- 

Now if the weight line be moved up nation between the tangents to the curves 
to t^ so that the applied weights are w,«*/ d and e are greatest, 
at the center, etc., and o is the pole, the The statements made in the previous 
polygon e may be described starting from . article, respecting the position of the 
dy and it will finally cut off the end ordi- moving load which causes maximum 



nates h^e^ and h^e^ before obtained. 
Then will the ordinates of the type de 
be proportional to the moments actually 
bending the arch, and the moments will 
be equal to the products of de by W„ in 
which de is measured on the scale of 
distance, and tt^ on the scale adopted for 
the weights w,w,, etc. 

The accuracy of the construction is ! 
finally tested by taking ^(efo)*=0, an 
equation deduced from ^(-Sfd— 3/c)y=0, 
as explained in the previous article upon 



bending moments, are applicable to this 
kind of arch also. 

The maximum normal shearing stress 
will occur for the parts of the arch near 
the center, when the moving load is near 
its present position, covering one half of 
the arch. But the maximum normal 
shearing stress near the ends, may occur 
when the arch is entirely covered by the 
moving load, or when it may occur when 
the moving load is near its present posi- 
tion, it being dependent upon the rise of 



the St. Louis Arch. It is unnecessary to i the arch, and the ratio between the mov- 
cxplain the details of this construction ; ing and permanent load, 
since as appears from Fig. 3 it is in all j The maximum tangential compressions 
respects like that in Fig. 2. j occur when the moving load covers the 

Now let us find the intensity of the entire arch. The stresses obtained by 
tangential compression along the arch the foregoing constructions, go upon the 
and of the shearing normal to the arch, supposition that the arch has a constant 
Since the pole distance tt^ refers to the - cross-section, so that its moment of iner- 
difference of ordinates between the poly- tia does not vary, and no account is 
gons d and e, whose ordinates are double taken of the stresses caused by any 
the actual ordinates, if we wish now to changes of the length of the arch rib, 
return to the actual arch a whose ordi- due to variations of temperature or other 
nates are halves of the ordinates of J, I causes. These latter stresses we shall 
we must take a pole distance U^=2tt,^ and j now investigate for both of the kinds of 
move the weight line so that it is the | arches which have been treated. 
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CHAPTER IV. 

TEMPERATURE STRAINS. 

It is convenient to classify all strains 



2^ was applied. The gothic arch would 
be continuous at the crown, but the 
abutment a would be mounted on rollers, 
so that although the direction of a tan- 



and stresses arising from a variation in gent at a could not be changed, neverthe- 
the length of the arch, under the head | less the abutment could afford no resist- 
of temperature, as such stresses could ance to keep the ends from moving 
evidently have been brought about by , apart, Le, there is no thrust in the direo- 
saitable variations of temperature." i tion of ah^ any more than there is along 

The stresses of this kind which are of ' an ordinary straight girder, 
sntficient magnitude to be worthy of con- In order to facilitate the accurate con- 



sideration, besides temperature stresses 



struction, let us multiply the ordinates 



are of two kinds, viz. the elastic short- of a by 3 and use the polygon d instead, 
ening of the arch under the compression i Now the real equilibrium polygon of the 
to which it is subjected, and the yielding | applied forces ZT, is the straight line kk^. 
of the abutments, under the horizontal ■ By real equilibrium polygon is meant, 
thrust applied to them by the arch. \ that one which has for its pole distance. 
This latter may be elastic or otherwise. ! the actual thrust of the arch. As we 
It was, I believe, neglected in the com- • are now considering this arch, H is the 
putation of the St. Louis Arch, and no applied force, and the thrust spoken of 
doubt with sufficient reason, as the other , is at right angles to IL We have just 
stresses of this kind were estimated with i shown this thrust to be zero. We have 
a sufficient margin to cover this also, i then to construct an equilibrium polygon 
Anything which makes the true span of ^ for the applied force H with a pole dis- 
the arch differ from its actual span tance of zero. The polygon is infinitely 
causes strains of this character. By true deep in the direction of H^ and hence is 
span is meant the span which the arch a line parallel to II, This fixes its direo- 
would have if laid fiat on its side on a tion. 

plane surface in such a position that Its position is fixed from the considera- 
there are no bending moments at any tion that the total bending is zero, (be- 
point of it, while the actual span is the \ cause the direction of the tangents at 



the extremities a and h^ are unchanged),, 
which is expressed by the equation 



distance between the piers when the 
arch is in position. If the arch be built 
in position, but joined at the wrong tem- 
perature the true and actual spans do , , . 
not agree and excessive temperature' This gives us the same closing line 

strains are caused. I through k which we found in Fig. 2, and 

Taking the coefficient of expansion of the ordinates of the type kdy are propor- 

steel as ordinarily given, a change ofjtional to the moments caused by the 
:d:80®F. from the mean temperature horizontal thrust II. 

^ould cause the St. Louis Arch to be | Now lay off dm^—^kfi^, m^m^=k^d^y 

fitted to a span of about 3 J inches, greater ®tc., as in Fig. 2. 

Or less than at the mean. The problem of finally determining Ily 

The problem we wish to solve then is will be solved in two steps: 

v^ery approximately this : What hori- 1°. We shall find the actual values of 

^ontal thrust must be applied to increase the moments to which the ordinates kd 

Or decrease the span of this arch by 3 J ^ are proportional ; 

inches, and what other stresses are in- j 2°. We shall find ^by dividing either 

<3uced by this thrust. In Fig. 4 the half of these moments by its arm. 

^pan is represented on the same scale as By considering the equation 

in Fig. 2. The only forces applied to ^^ 7^7— ^YJIf ^ 

the half arch are an unknown horizontal ^ \ J) 

thrust 7/ at b^ and an equal opposite | given in Chapter I, in which I)y is 

thrust JZ at a. The arch is in the same the horizontal displacement, it is seen 

^condition as it would bo if Fig. 4 repre- that if the actual moments are used for 
sented half of a gothic arch of a span = weights, and HJI for the pole distance, we 
2a^, of which a was one abutment, and b^ j shall obtain, as the second equilibrium 
was the new crown at which a weight of ! polygon, a deflection curve whose ordi- 
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nates are the actual deflections due to , by using the polygon d instead of the 
the moments. By actual moments, actual : curve of the ellipse, and to small errors 
deflections, etc, is meant, that all of the in measurement. With a larger figure 
quantities in the equation are laid off to and the subdivision of the span into a 
the scale of distance, say one n^^^ of the greater number of parts this error could 



be reduced. The value of JI found for 
the St. Louis Arch by computation was 
1 04 tons, but that was not on the suppo- 
sition of a uniform moment of inertia -T, 
and should be less than the value we 
have obtained. 

Now this horizontal thrust II due to 



actual size. 

Now let the equation be written 

From which it is seen that if the ordi- 

nates be multiplied by n, so that on the 

paper they are of the same size as in the temperature and to any other thrusts 

arch, we must use oiit n''' of the former of like nature as compression, etc, is of 

pole distance, all else remaining un- 1 the nature of a correction to the thrust 

changed. due to the applied weights. Tlius in 

Now for the St. Louis Arch, IJI=i Fig. 2 we found 3ov' to be the thrust due 
39680000 foot tons. Let us take 100 to the applied weights, and on applying 
tons to the inch, as the scale of force : the correction we must use the two 
and since M=3 inches, the scale of dis- thrusts 3oy'4-7/and 3o?/— //as pole dis- 
tance n is found from the proportion tances to obtain equilibrium polygons 

'k \rx • • *;i « f t • • 1 . «, — . oin iwiOfKr whose ordinates reckoned from the arch 

:i T^i- , ^^ a ^ . 1 ^ Will, when multn)lied by its polo dis- 

and M^ 100 7i =9 in. nearly, ^^^^^^ ^j^^^ ^1^^ ^^\^^ bending moments. 

which is the pole distance necessary to use The tangential and normal stresses can 
with the actual deflection J of 3;}: in. = then be determined by resolution, pre- 
If in., in order that the moments may be , cisely as in Fig. 3. 

measured to scale. As it is inconvenient 1 If it, however, appears desirable to 
to use so large a distance as in. on our compute separately the strains due to 
paper, let us take f of 9 in. =3 J in. '. Hy this may be more readily done than 
nearly =^dz for the pole distance, and in combination with the stresses already 
f of iHn. =4 J in. =f/y, for the deflec- 1 obtained. We have already seen sufli- 
tion. : ciently how the bending moments due 

Now with z as a pole and the weights to /Tare found. In fact the moments 
d7n^, in.yn.y etc, draw the deflecti(ui curve are such as would be produced by apply- 
hj\ having the deflection =df. The mo- ing //at the point where the horizontal 
ments Ma must be increased in such a through k cuts the polygon d^ for this is 
ratio that the deflection will be increased the point of no moment, and may be 
from df to dy. Therefore draw the considered for the instant as a free end 
straight lines hf and by^ which will ena- of each segment, to each of which //is 
ble us to effect the increase in the required applied causing the moments due to its 
ratio. For example, the moment dm^ = bi arm and intensity. 

is increased to hj\ and d77i^=bj is increased To find the tangential stress and shear, 
to hj\. Now measuring bj in inches and lay off in Fig. 4 ay=//and on it as a di- 
multiplying by 210 and by 100, we have ameter describe a semicircle, and draw 
found that 21000 ty*= 1809* foot tons=the or^ || rt//^, «r, || a/r, etc.; then will ai\ be 
moment at d or a. \ the component of /Talong a//^, and vr^ be 

And again, 21000 />;;=3747 foot tons ^^^^ component of // directly across the 
=the moment at b^. " same segment. In a similar manner the 

quantities of which ar on the type are 



By measurement 210 d/c=l*I ft. and 
210 ^/•=34.8 ft. 



the tangential stresses and the quantities 
vr are the shearing stresses caused by 
.-. //= 1809 -T- 17 = 106 tons, + ; // 

^^ Tr^^*7±>7 ' ^1 Q— inQ fr»,iQ : ^^^^ ^^^^^ "^^<^ ^^^ ^^is last constmc- 

or Jt — o/4/-7-o4,o — lUo tons — . i4.:^„ • «i * nr^ . ^ ^t. • i 

tion IS about fifty tons to the inch. 

These results should be identical, and Now //is positive or negative accord- 

the difference between them of less than ing as the temperature is increased 

2 per cent, is due to the error occasioned above or diminished below the mean, 
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and these tangential and normal com- ; are the products of the deflections by 
ponents, of course, change sign with H, \ the pole distance, will be unchanged by 

It should also be noticed in this connec- this process, 
tion that thrasts and bending moments, Now increase the ordinates in such a 
which are numerically equal but of op- , ratio that the deflection will be increased 
posite sign, are induced by equal con- from df to dy. For example, the mo- 



tractions and expansions. 

The stresses due to variation of tem- 
perature in the arch of Fig. 3, having a 
oeoter joint, are constructed in Fig. 5. 

It is evident from reasoning similar to 



ment dm=-hi is increased to hj^ and dm^ 
=h\ is increased to bj^. Now by meas- 
uring hj in inches and multiplying by 
140 and by 100 we have found 14000 hj = 
1809 foot tons = the moment at a or d. 



H* 



that employed for the case just discussed, And again, 14000 bj^z^Sl-^l foot tons = 

that the closing line dk\ of the polygon 

d is the equilibrium polygon of the thrust ; 

JT" induced by variation of temperature. 

Suppose we have changed the equation 

of deflections to the form. 



mDi 



mn \ H 91/ 



the moment at b 

By measurement, 140 dk=17 ft. 

and 140 bk=3'i.S ft. 

.-. ^=1809-T-17=106 tons -f, 
or //=3T47-=-34.8=108 tons — . 

Near the bottom of the second column 
of page 24, instead of ar^y ar^^ vr^, en; vr, 



The scale used in the last construction 
in Fig. 4, is about 33 J tons to the inch. 

UXSYMMETRICAL ARCHES. 

The constructions wlkich have been 
given have been simplified somewhat 
bv the svmmetrv of the rii^lit and left 
hand halves of the arch, but the meth- 



in which, if mDy=ay and El^mn'^dz, \ '*«?;?.«''.• f^" ^Y.*". »" 
then the moments M and the ordmates 
y will be laid off on the scale of 1 to w. 
This is equivalent to doing what was 
done in the previous case, where m was 
equal to f. The remainder of the pro- 
cess is that previously employed. 

It should be noticed that we have in 

Figs. 4 and 5 incidentaUy discussed two i ^;;;;^.{^^^^^^^^ l,^^,, ,,g^^ are equally 

newforms of arches, viz: m Fig. 4 that applicable if such symmetrv does not 

of an arch having its ends fixed m direc- ^\,{^^^ ^^ j^ ^^^^g ^^t^ if^ f^,. example, the 

UOB, but not in position; i,e.,^ ^^%^,^^^^ \ ^\,x^\,mmU v^vq oi different heights. 

may slide but not turn and m Fig. 5, j,^ particular, for the unsvmmetrical 

that of an arch sliding freely and tuni-; ^^^^1 \^^ ^^^^^ li,^^ i^ „^^ ^i„ ^^^^^,^^ 

mg freely at the ends. The first of these ; horizontal, and must be found preciselv 

arches has the same bencling moments as ^^ ^^at for the equilibrium polj^on due 

a straight girder, fixed m direction at the ^^ ^^^ y^^^^ weights. 

ends, andthesecondof them has the same j^ j,/^p. 3 ^^^ ^ingc joint is not 

bending moments as a simple girder sup- 1 situated at the center, the arch is un- 

P rted at its ends. svmmetrical, and the determination of 



-Sb-a^a.— The measurements of Fig. 4 ; the closing line due to the applied 
g^ven on page 24 do not agree with the' weights, is not quite so simple as in Fig. 
scale on which the drawing is engraved, i 3. It will be necessary to draw the trial 
'^^^e following equations and quantities ' lines through the joint by which the 
*&^"ee with the dimensions of Fig. 4, and curve of errors q is found. 
*r^ to be substituted instead of those CHAPTER V 

given on page 24. | 

.Let the scale of force be 100 tons to. arch Rin with end joints. 

^1^^ inch, and since M=4i inches, 4|- in. | Let the curve a of the arch to be 
• ^1.8 ft. ; I 1 : 71=140 nearly, and EI-^ treated have a span of six times the rise, 
J^V^n.'=20 in. nearly, which is the pole ' as represented in Fig. 6, and having 
<t\stunceto use with the actual deflection divided the span into twelve equal parts, 
^' the half span = l^ in. ; make the ordinates of the type bd twice 

^ow take one fourth of this pole dis- the ordinates ab, 
^^ce = 5 in. = (fe, and four times the | Let a uniform load having a depth xy 
^^flection = 6^ in. = dy, as being more : cover the two-thirds of the span at the 
convenient to use; the moments, which , left, and a uniform load having a deptL 
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xt/'= i xy cover the one-third of the 
span at the right. Assume any pole dis- 
tance, as of one-third of the span, and 
lay off ^^iOj—ajy= one-half of the load 
supposed to be concentrated at the cen- 
ter; 1(7 1(7^=2 ay = the load concentrated 
above ^„ etc. Similarly at the left make 
^/to/=a5y= one-half the load above h; 
w/i/?/=2ajy=the load above ^// w/t/?/ 
=icy + xy' = ixy = the load above b^'; 
to^'w/=xy=thG load above ^,', etc. 

From this force polygon draw the [ 
equilibrium polygon c, just as in Figs. 2 
and 3. 

Now the closing line of the equilibrium 
polygon for a straight girder with ends ' 
free to turn, must evidently pass so that : 
the end moments vanish. Hence c^c^' 
is the closing line of the polygon c, and 
bj>/ is the closing line of the polygon d, 
drawn according to the same law. The 
remaining condition by which to determ- 
ine the bending moments is: 

2 {]\fa-Me)y=0 .'. 2{M^y)=z:2{Mcy) 

which is the equation expressing the con- 
dition that the span is invariable, the 
summation being extended from end to 
end of the arch. 

This summation is effected first as in 
Figs. 2 and 3, by laying off as loads 
quantities proportional to the applied 
moments concentrated at the points of 
division of the arch, and thus finding the 
second equilibrium polygon, or deflection 
polygon of two upright girders, bent by 
these moments. 

Let us take one-fourth of each of the 
ordinates bd for these loads, i,e, b7n=i of 
^hd ; mm, = J ^/?j, etc.: also bn^ 7i?i„ etc., 
equal to similar fractions of the ordinates 
of the curve c. Using d as the pole for 
this load, we obtain the total deflection 
bf^ on the left, and the same on the right 
mot drawn) due to the bending moments 

Similarly g^^' is the total deflection 
right and left due to the moments Mc, 

Now the equation of condition re- 
quires that J ^g^/=^j. That this may 
occur, the ordinates of the polygon c 
must be elongated in the ratio of these 
deflections. To effect this, make ai= 

i9t9t ^^^ ^j^kt\^ *°^ ^" the horizon- 
tals through i and j at a convenient dis- 
tance draw the vertical ij\\ then the 
lines a\ and aj^ will effect the required 
elongation, as previously explained. To 



obtain the center ordinate 5e, for ex- 
ample, make ai'=hh .'. af=be. To 
find the new pole o, draw bv parallel to 
c,c/ and vo horizontal, as before ex- 
plained. 

If ai^ cuts the load line at t^ and the 
horizontal through t^ cuts aj^ at <„ then 
the vertical through t^ is the new position 
of the load line and tt^ is the new hori- 
zontal thrust. 

Now using o as the pole of the load 
line w,w/ etc., through t^ draw the equi-» 
librium polygon starting from 6. It 
must pass through b^ and ^/, which tests 
the accuracy of the construction. 

The construction may now be com- 
pleted just as in Fig. 3, by doubling the 
pole distance, and finding the tangential 
thrust along the arch and the normal 
shear directly across the arch in the 
segments into which it is divided. The 
maximum thrust and tangential stress is 
obtained when the line load covers the 
entire span. 

To compute the effect of changes of 
temperature and other causes of like 
nature in producing thrust, shear, bend- 
ing moment etc., let us put the equation 
of deflections in the following form: 

„,2>^.^=WJ«;.y) . (D) 

" nxrCn \ iin n I ^ ' 

This equation may perhaps put in 
more intelligible form the processes used 
in Figs. 4 and 5, and is the equation 
which should be used as the basis for the 
discussion of temperature strains in the 
arch. In equation (D) n is the number 
by which the rise of the arch must be 
divided to reduce it to M, i.e., it is the 
scale of the vertical ordinates of the 
type bd^ in Fig. C, so that if bd was on 
the same scale as the arch itself, n would 
be unity. Again, n' is the scale of force, 
i.e., the number of tons to the inch; and 
m is a number introduced for convenience 
so that any assumed pole distance p may 
be used for the pole distance of the sec- 
ond equilibrium polygon. In Fig. 6, /> 
'=-bd. 

We find m from the equation, 



P-Z 



El 



m= 



EI 



from which m may be computed, for EIva 
a certain known number of foot tons when 
the cross-section of the rib is given, p is 
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s number of inches assumed in the draw- 
ing, 7h and /i' are also assumed. Now 
Dp is the number of inches by which 
the span is increased or decreased by the 
change of temperature, and mDy is at 
once laid off on the drawing. 

The quantities in equation (D) are so 
related to each other, that the left-hand 
member is the product of the pole dis- 
tance and ordinate of the second equi- 
librium polygon, while the right-hand 
member is the bending moment pro- 
duced by the loading M-^nn\ which 
loading is proportional to M, The curve 
/was constructed \^ith this loading, and 
only needs to have its loads and ordi- 
nates elongated in the ratio of hf^ to 
\ mDy to determine the values of 
M-^7in' at the various points of division 
of the arch. One-half of each quantity 
is used, because we need to use but one- 
half the' arch in this computation. Two 
lines drawn, as in Figs. 4 and 5, effect 
the required elongation. 

The foregoing discussion is on the im- 
plied assumption that the horizontal 
thrust caused by variation of tempera- 
ture is applied in the closing line hb^ of 
the arch, which is so evident from pre- 
vious discussions as to require no proof 
here. 

The quantity determined by the fore- 
going process is M-T-nn'=q say, a cer- 
tain number of inches. Then 3f=nn'(/, 

and ir=M-T-y=n'q-^^, in which ^isthe 

length of the ordinate in inches on the 
drawing at the point atwhicluTfis applied. 
Tile determination of the shearing and 
tangential stress induced by // is found 
?y Using II as the diameter of a circle, 
^? Which are inscribed triangles, whose 
sides are respectively parallel and per- 
P^i^clicular to the segments of the arch, 
pi'eoisely as was done in Figs. 4 and 5. 

^^iie whole discussion of the arch with 

^*icl joints may be applied to an unsym- 

?^^t.ricalarch with end joints. In that case, 

^*' ^^ould be necessary to draw a curve/" 

^ "tile right as well as / at the left, and 

Tvf- ^^^ would be unlike, as g and g' are. 

.^is, however, would afford no difficulty 

♦V in determining the stresses due to 

^^ loads, or to the variations of tem- 

P^^-ature. 

^hen the live load extends over two- 
^Wrds of the span, as in the Fig., the 
^^ximum bending moment is nearly in 



the middle of that live load, and is very 
approximately the largest which can be 
induced by a live load of this intensity, 
while the greatest moment of opposite 
sign is found near the middle of the un- 
loaded third of the span. 

If the curve of the arch were a para- 
bola instead of the segment of a circle, 
these statements would be exact and 
not approximate, as may be proved 
analytically. This matter will be fur- 
ther treated hereafter. 

CHAPTER VI. 

ARCH RIB WITH THREE JOINTS. 

Let the joints be at the center and ends 
of the arch, as seen in Fig. 7. Let the 
loading and shape of the arch be the 
same as that used in Fig. 6. Now since 
the bending moment must vanish at each 
of the joints, the true equilibrium curve 
must pass through each of the joints; 
?*. e., every ordinate of the polygon c 
must be elongated in the ratio of dh to 
hh. To effect this, make di=-hh^ and at 
a convenient distance on the horizontals 
through h and i draw the vertical i^ h^. 
Then the ratio lines di^ and dh^ will 
enable us to elongate as required, or to 
find the new pole distance ti^ dimin- 
ished in the same ratio, by drawing the 
horizontal ii through i^. The new pole o is 
found in the same manner as in Fig. 6. 

Xow with the new pole o and the new 
load line through t^ we can draw the 
polygon e starting at d. It must then 
pass through h^ and h^ which tests the 
accuracy of the construction. 

The maximum thrust, and tangential 
stress is attained when the live load 
covers the entire span. 

Variations in length due to changes 
of temperature induce no bending mo- 
ments in this arch, but there may be 
slight alteration in the thrust, etc., pro- 
duced by the slight rising or falling of 
the crown due to. the elongation or 
shortening of the arch. This is so small 
a displacement that it is of no import- 
ance to compute the stresses due to it. 
We have for the same reason, in the 
previous and subsequent constructions, 
omitted to compute the stresses arising 
from the displacement which the arch 
undergoes at various points by reason of 
its being bent. It would be quite pos- 
sible to give a complete investigation of 
these stresses by analogous methods. 
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The construction above given is appli- 
cable to any arch with three joints. The 
arch need not be symmetrical, and the 
three joints can be situated at any points 
of the arch as well as at the points 
chosen above. 

CHAPTER Vn. 

THE ARCH EIB WITH ONE END JOINT. 

Let the arch be represented by Fig. 8, 
in which the load, etc., is the same as in 
Fig. 6. 

The closing line must pass through the 
joint, for at this joint the bending 
moment vanishes. 

A second condition which must be 
fulfilled is, that the total deflection be- 
low the tangent at the fixed end of a 
straight girder having one end joint 
vanishes, for the position of the joint is 
fixed. This is expressed by the equation 

in which the summation is extended 
from end to end. 

This condition will enable us to draw 
the closing line of the polygon c, and 
also that of d. The problem may be 
thus stated: — In what direction shall a 
closing line such as c/t' be drawn from 
c, so that the moment of the negative 
triangular area c^c^h' about c^ shall be 
equal to the moment of the positive 
parabolic area c^c^ 

To solve this problem, first find the 
center of gravity of the parabolic area 
by taking it in parts. The parabolic 
area c% h <\^ is a segment of a single 
parabola whose area is f ^A'X Va— i^^ 
Xhjb^^ when /f, = the height of an equiva- 
lent triangle having the span for its base 
,'. h. — %c,c^. 



0^2' 



Lay ofl^ lh,—c.e„. and draw IJb 



6 e 



8J 



hj,^=h^. Lay oflP c^'p^=h^ as proportion- 
al to the weight of the parabolic area. 
Again, c^'p is proportional to the weight 
of the triangle c^c^^cj. The parabolic 
area c^/c/= § f>/c/ X */*/=i K X KK'^ as 
before, .*. h^=zi^Jc/y which may be 
found as A, was before. 

Let ^^^pp^, then on taking any pole, 
as c„ of this weight line, we draw gq^ || 
'c,c*/, since the left parabolic area has its 
center of gravity in the vertical through 
q^, and the triangular area in that through 
q, we draw qq/ \\ t\p^ to the vertical 
through g'/, which contains the center of 
gravity of the right parabolic area. 
The position of q midway between the 



verticals containing h and h is slightly 
to the right of its true position, as it 
should be at one-third of the distance 
from the vertical through h to that 
through b^. This does not affect the 
nature of the process however. 

Then q^q^ \\ c^p^ and q,'q^ \\ c^p, give q^ 
in the vertical through the center of grav- 
ity of the total positive area. The nega- 
tive area, sinoe it is triangular, has its cen- 
ter of gravity in the vertical through c,'. 

Now if the total positive bending mo- 
ment be considered to be concentrated 
at its center of gravity and to act on a 
straight girder it will assume the shape 
rq^r^ of this second equilibrium polygon, 
and if a negative moment must be ap- 
plied such that the deflection vanish, the 
remainder of the girder must bo r^r^^ a 
prolongation of tt^. Now draw o,/>, || 
rr^y and we have 2\Pz^^9^' ^^® height 
of the triangle of negative area. Hence 
CgA' is the closing line, fulfilling the re- 
quired conditions. 

Again, to draw the closing line h^k' 
according to the same law, we know 
that the center of gravity of the poly- 
gonal area d is in the center vertical. 
To find the height 2:>j>\ of an equivalent 
triangle having a base equal to the span, 
we may obtain an approximate result, as 
in Fig. 2, by taking one twelfth of the 
sum of the ordinates of the type bdy but 
it is much better to obtain an exact 
result by applying Simpson's rule which 
is simplified by the vanishing of the end 
ordinates. The rule is found to reduce 
in this case to the following: — ^The 
required height is one eighteenth of the 
sum of the ordinates with even subscripts 
plus one ninth of the sum of the rest. 

Now this positive moment concentrated 
in the center vertical and a negative 
moment such as to cause no total deflec- 
tion in a straight girder, will give as a 
second equilibrium polygon Tq'r^r„'\ 
and if c^p^ \\ rr^\ then ppj=b^'k is tfie 
height of the triangular negative area, 
and the closing line is b^k\ 

Now the remaining condition is that 
the span is invariable, which is expressed 
by the equation 

2 {Ma-Afc)!/=Oy or 2{Afa!/)=2{Mc7/). 

Let us construct the deflection curve 
due to the moments Ma in a manner 
similar to that employed, in Fig. 2. We 
lay off quantities dm^^ ^t^^\y etc., 
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equal to one-fourth of the corresponding 
ordinates of the curve d, and dn^, 
n 71^, etc., one-fourth of the ordinates 
of the curve c. We use one-fourth or 
any other fraction or multiple of both 
which may be convenient. By using b 
for a pole we obtain the deflection curves 
fsLudf for the moments proportional to 
Md , and the curves g and ^' for those 
proportional to Me , 

Now, Prop. IV. requires that the or- 
dinates of the polygon c should be in- 
creased 80 that gg^ shall become equal to 
jf/^. Make di=gg' and dj^ff and draw 
as before the ratio lines di^ and dj^^ then 
the vertical through i^ is the new position 
of the load line. 

Find the new length of hh which is 
hCy and with the new pole o, draw the 
polygon e starting at e. It must pass 
through 6,, The new pole o is found 
thus: draw h\3 \\ hh\ then v divides the 
weight line into two parts, which are 
the vertical resistances of the abutments. 
From V draw v^o \\ hk^ then the closing 
line of the polygon e has the direction kk', 

A single joint at any point of an un- 
Bymmetrical arch can be treated in a 
similar manner. 

A thrust produced by temperature 
strains will be applied along the closing 
line hk\ and the bending moments in- 
duced will be proportional to the ordin- 
ates of the polygon d from this closing 
line. The variation of span must be 
computed not for the horizontal span, 
but for the projections of it on the clos- 
ing line kk , The construction of this 
component of the total effect will be 
like that previously employed. Another 
effect will be caused in a line perpendic- 
ular to kk\ The variation of span for 
this construction, is the projection of the 
total horizontal variation on a Une per- 
pendicular to kk\ and the bending mo- 
ments induced by this force applied at 
^,, and perpendicular to the closing line, 
will be proportional to the horizontal 
distances of the points of division from 
^.. As these constructions are readilv 
made, and the shearing and tangential 
stresses determined from them, it is not 
thought necessary to give them in detail. 

CHAPTER VIII. 

ARCH RIB WITH TWO JOINTS. 

Let US take the two joints, one at the 
center and one at one end as represented 



in Fig. 9. Let the loading, etc., be as 
in Fig. G. 

The closing line evidently passes 
through the two joints, as at them the 
bending moment vanishes. 

The remaining condition to be fulfilled 
is that the deflection of the right half of 
the arch in the direction of this line, 
shall be the same as that of the left 
half. 

Let us then suppose that the straight 
girder h^ p' perpendicular to the closing 
line, is fixed at ^/ and bent first by 
the moments Ma giving us the deflection 
curve h^' f when />/ is taken as the pole, 
and the loads of the type mxin are one- 
quarter of the corresponding ordinates 
of the polygon d; and secondly, by the 
moments Mc giving us the deflection 
curve h^g' when drawn with the same 
pole, and the loads of the type mi also 
one-quarter of the corresponding ordi- 
nates of the polygon c. It should be 
noticed that the points at which these 
moments are supposed to be concentra- 
ted in the girder h^ p\ are on the paral- 
lels to kk' through the points c?^, <?„ 
etc. 

Similarly let^ and/,/^ be the deflec- 
tion curves of the straight girder d^p 
(using d^ as the pole distance), under the 
applied moments. 

We have used now a pole distance 
differing from that used in the right half 
of the arch. These pole distances must 
have the same ratio that the quantity EI 
has for the two parts of arch. If El\% the 
same in both parts of the arch the same 
pole distance must be used to obtain the 
deflection curves in both sides of the mid- 
dle. In the same manner the curves gg^ 
and g^g^ are found. Now must the mo- 
ments Mc causing the total deflection 
p'g —gg^'=\0'i be elongated so that they 
shall cause a total deflection pif —fffF^- 
\aj. The ratio lines (r/„, f//'/ will enable 
us to find the new position t^ of the load 
line to effect this. 

To find o the new pole, through 
V,, which divides the load line into 
parts which are the vertical resistances 
of the piers, draw v,o || hjc. Then draw 
the polygon e as in Fig. 7, starting from 
d. It must pass through h^. We can 
find also whether ke^ has the required 
ratio to Ac/ by the aid of the ratio lines, 
which will further test the accuracy of 
the work. 
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Any un symmetrical arch with joints which the cables exert upon the towers, 
situated differently from the case consid- 1 without its being necessary to make the 
ered can be treated by a like method. | inclination of the cable on both sides of 

The temperature strains should be ' the saddle the same. There is, there- 
treated like those in Fig. 8, which are , fore, no tendency by the cables to over- 
caused by a thrust along the closing line. : turn the towers, and they need only be 
Those at right angles to this line vanish proportioned to bear the vertical stresses 
as the joints allow motion in this direc- coming upon them. 



tion. The shearing and tangential stress- 
es can be found as in Fig. 3. 

Arches with more than three hinge 



As this bridge differs greatly in some 
respects from other sus})eusion bridges, 
it seems necessary to describe its 



joints are in unstable equilibrium, 1 peculiarities somewhat minutely. 

and can only be used in an inverted The roadway and sidewalks make a 



position as suspension bridges. Those 
will be treated subsequently. If the 
joints, however, possess some stiffness 



platform 36 feet wide, extending from 
abutment to abutment, 161 D feet. It is 
built of three thicknesses of plank solid- 



so that they are no longer hinge joints, ly bolted together, in all S inches thick, 
but are block-work joints, or analo- This is strengthened by a double line of 
gous to such joints, we may still con- rolled I girders, 1630 feet long, running 
struct arches which are stable within .. the entire length of the center of the 



certain limits although the number of 
joints is indefinitely increased. Suc-h 
are stone or brick arches. These will 
also bo treated subsequently. 

The constructions in Figs. 6, 7, 8, 9, 
can be tested by a process like that em 



platform. These I girders are arranged 
one line above the other, and across be- 
tween them, at distances of 5 feet, run 
lateral I girders which are suspended 
from the cable. The upper line of 
girders is inches deep, (and 30 lbs. per 



ployed in Figs. 2 and 3. In Fig. 2, for foot); the lower line is 12 inclu'S deep 
mstance, we obtained the algebraic sum (and 40 lbs. per foot). The lateral 
of the squares of the (juantities of the girders are 7 inches deep (and 20 lbs. })er 
type 88, and showed that such sum van- , foot), and are firmly embraced between 
ishes. We can obtain the same result in ' the double line of longitudinal girders, 
all cases. The girders of this center line are 

CHAPTER IX ■ ^^^^^ ^^ ^^' ^^"S> ^^^^^ ^^^ spliced together 

by plates in the hollows of the I, but 



THE CIXCINNATI AND COVIXGTON SUSPEN- 
SION BRIDGE. (Fig. 10.) 

The main span of this bridge has a 
length of 1057 feet from center to cen- 
ter of the towers, and the end spans are 
each 281 feet from the abutment to the 
center of the tower. The deflection of 
the cable is 89 feet at a mean tempera- 



the holes through which the bolts })ass 
are slots w^hose length is two or three 
times the diameter of the bolts. This 
makes a " slip joint " such as is often 
used in fastening the ends of the rails on 
a railroad. The slip joints permit the 
wooden planking of the roadway to ex- 
pand and contract from variations of 



ture, or about 1 — 11.87th of the span. ! moisture and temperature without inter- 
There is a single cable at each side of ference from the iron srirders which are 



the bridge. Each of these cables is made 
up of 5200 No. 9 wires, each wire having 
a cross-section of l-60th of a square 



bolted to it. 

There is also a line of wrought-iron 
truss-work about 10 feet deep extending 



inch and an estimated strength of 1620 ■ from abutment to abutment on each side 



lbs. Each of these cables has a diameter 
of 12j inches, and an estimated strength 
of 4212 tons. Each cable rests at the 
' tower upon a saddle of easy curvature, 
the saddle being supported by 32 rollers 



of the roadway, consisting of panels of 
5 feet each, to each lower joint of which 
is fastened a lateral girder and a suspen- 
der from the cable. This trussing is a 
lattice, with vertical ]>osts, and ties ex- 



which run upon a cast iron bed-plate tending across two panels, and its chords 
8X11 feet, which forms part of the top j are both made with slip joints every 30 
of the tower. Since the bed-plate is j feet. 

horizontal this method of support ensures It is apparent that this whole arrange- 
the exact perpendicularity of the force ment of flooring with the girders and 
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tnisses attached to it possesses a very 
small amount of stiffness, in fact the 
stiffness is principally that of tlie floor- 
ing itself. It will permit a very large 
deflection, say 25 feet, np or down from 
its normal position without injury. Its 
office is something quite different from 
that of the ordinary stiffenini;: truss of a 
suspension bridge. It certainly serves 
to distribute concentrated loads over 
short distances, but not to the extent re- 
quired, if that were the sole means of 
preserving the cable in a lixed ])osition 
under the action of moving loads. Its 
true function is to destroy all vibrations 
and undulations, and ])reveiit their pro- 
pagation from point to point by the 
enormous frictional resistanee of these 
slip joints. When a wave does work 
against elastic forces, the reaction of 
those forces returns the wave with 
nearly its original intensity, but when it 
does work against friction it is itself 
destroyed. 

The means relied on in this bridge to 

resist the effect of unbalanced loads is a 

Hystem of stays extending from the to]> 

of the tower in straight lines to those 

parts of the roadway which would be 

o>ost deflected by such loads. There are 

^6 such stays, 19 from the top of each 

tower. Tlie longest stays extend so far 

•* to leave only 350 feet., i.6., a little 

^yer one-third of the span, in the center 

over which they do not extend. Each 

stay being a cable 2:^ inches in diameter 

JJSJ^ an estimated strength of 90 tons. 

*"ey are attached every 15 feet to the 

roadway at the lower joints of tlie truss- 

*^ff» and are kept straight by being fast- 

®^^d to the suspenders where they cross 

i?-**^' This system is shown in Fig. 10 in 

^hich all the stays for one cable are j 

"^aw^n^ together with every third sus- 

P^nderfc The suspenders occur every 5 

f^^ throughout the bridge but none are 

*^^Mrn in the figure except those attach- 

®^^t the same points as the stays. 

These stays must sustain the larger 
P?^t of any unbalanced load, at the same 
^^? producing a thrust in the roadway 
*8*in8t either the abutment or tower. 

It ia really an indeterminate ques- 
rJJ*^ M to now the load is divided; 
T^Ween the stays and trussing; and 
^hiB the more, because of the manner in 
^aioh the other extremities of the stays ; 
^ attached. Of the nineteen stays 



carried to the top of one tower, the eight 
next the tower are fastened to the bed 
plate under the saddle, and so tend to 
pull the tower into the river; the remain- 
ing eleven are carried over the top of 
the tower, and rest on a small independ- 
ent saddle, beside tlie main saddle, and 
are eight of them fastened to the middle 
portion of the side spans as shown in Fig. 
10, while the other three are anchored to 
the abutment. 

In view of the indeterminate nature 
of the problem, it has seemed best to 
suppose that the stays should be propor- 
tioned to bear the whole of anv excess 
ol loading oi any portion of the bridge, 
over the uniformly distributed load 
(which latter is of course borne by the 
cable Itself); and further that the truss 
rcallv does bear some fraction . of the 
unbalanced load, and that the bending 
moments have therefore the same relative 
amounts as if they sustained the entire 
unbalanced load. This fraction, how- 
ever, is quite unknown owing to the im- 
possibility of iinding any approximate 
value of tlie moment of inertia /for the 
combined wood and iron work of the 
roadway. 

This method of treatment lias for our 
present purpose this advantage, that the 
construction made use of is the same as 
that which must be used when there are 
no stays at all, and the entire bending 
moments induced by the live loads are 
borne by the stiffness of the truss alone. 

Now in order to determine the tension 
in any stay, as for instance that in the 
longest stay leading to the right hand 
tower, lay off v^v.^ equal to the greatest 
unbalanced weight, which under any 
circumstances is concentrated at its lower 
extremity. This weight is sustained by 
the longitudinal resistance of the tioor- 
ing, and the tension of the stay. The 
stresses induced in the stay and flooring 
by the weight, are found by drawing 
from i\ and v^ the lines v^o and i\/> par- 
allel respectively to the stay and the 
flooring. Then v^o is the tension of the 
stay, and that of the other stays may be 
found in a similar manner. 

It is impossible to determine with the 
same certainty how the stress oi\ paral- 
lel to the flooring is sustained. It may 
be sustained entirely by the compression 
it produces in the part of the flooring 
between the weight and the tower or the 
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abutment; or it maybe sustained by the 
tension produced in the flooring at the 
left of the weight; or the stress ov^ may 
be divided in any manner between these 
two parts of the flooring, so that v,v/ 
may represent the tension at the left, 
and ov/ the compression at the right of 
the weight. It appears most probable 
that the induced stress is borne in the 
case before us by the compression of the 
flooring at the right, for the flooring is 
ill suited to bear tension both from the 
slip joints of the iron work and the want 
of other secure longitudinal fastenings; 
but on the contrary it is well designed 
to resist compression. The flooring 
must then be able at the tower to resist 
the sum of the compressions produced by 
all the unbalanced weights which can 
be at once concentrated at the extremi- 
ties of the nineteen stays. 

There is one considerable element of 
stifiPness which has not been taken account 
of in this treatment of the stays, which 
serves very materially to diminish the max- 
imum stresses to which they might other- 
wise be subjected. This is the intrinsic 
stiffness of the cable itself which is formed 
of seven equal subsidiary cables formed 
into a single cable, by placing six of 
them around the seventh central cable, 
and enclosing the whole by a substantial 
wrapping of wire, so that the entire 
cable having a diameter of 12^ inches, 
affords a resistance to bending of from 
one sixth to one half that of a hollow 
cylinder of the same diameter and equal 
cross section of metal. Which of these 
fractions to adopt depends somewhat 
on the tightness and stiffness of the 
wrapping. 

It is this intrinsic stiffness of the cable 
which is largely depended upon in the cen- 
tral part of the bridge, between the two 
longest stays, to resist the distortion 
caused by unbalanced weights. 

As might be foreseen the distortions 
are actually much greater in the central 
part of the bridge than elsewhere, though 
they would have been by far the greater 
in those parts of the bridge where the 
stays are, had the stays not been used. 

I'he center of a cable is comparatively 
stable while it is undergoing quite con- 
siderable oscillations, as may be readily 
seen by a simple experiment with a rope 
or chain. 

Let us now determine the relative 



amount of the stresses in the stiffening 
truss, on the supposition that the actusd 
stresses are some unknown fraction of 
the stresses which would be induced, if 
there were no stays, and the truss was 
the only means of stiffening the cable. 
We, therefore, have to determine only 
the total stresses, supposing there are no 
stays, and then divide each stress ob- 
tained by 71 (at present unknown) to ob- 
tain the results required. Let us draw 
the equilibrium polygon d which is due 
to a uniform load of depth a;y, and which 
has a deflection bd six times the central 
deflection of the cable. The loading of 
the cable is so nearly uniform, that each 
of the ordinates of the type bd, may be 
considered with sufficient accuracy to be 
six times the corresponding ordinate of 
the cable. Any multiple other than six 
might have been used with the same 
facility. In order to cause the polygon 
to have the required deflection with any 
assumed pole distance it is necessary to 
assume the scale of weights in a particu- 
lar manner, which may be determined 
easily in several ways. I-iCt us find it 
thus : 

Let TF=one of the concentrated weights. 

Let 2>= central deflection of cable. 

Let /S=span of the bridge 

Let iir= central bending moment due to 
the applied weights. 

Then, if the pole distance = J -5, 3f=^S 
X62>=2aSZ>, for the moment is the pro- 
duct of the pole distance by the ordinate 
of the equilibrium polygon. Again, com- 
puting the central moment from the ap- 
plied forces, 

jif=y.Trxis-5 wxi s=ziws, 

in which the first term of the right hand 
member is moment of the resistance of 
the piers, and the second term is the mo- 
ment of the concentrated weights applied 
at their center of gravity. 

.-. iWS=2SlJ .-. W=iJJ, 

Hence, if one-third of the span is to 
represent the pole distance or true hori- 
zontal tension of an equilibrium curve 
having six times the deflection of the 
cable, each concentrated weight when 
the span is divided into twelve equal 
parts, is represented by a length equal to 
\ of the deflection of the cable. The 
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true horizontal tension of the cable will in which the first term of the second 
be six times that of the equilibrium . member is the moment of the resistance 
polygon, or it will be represented, in the j of the right pier, and the second term is 
scale used, by a line twice the length of i the moment of the concentrated weights 
the span. Now taking h as the pole, at j applied at their center of gravity. 
distances^6,=W/=iS, layoff b^'w= By similar computations we may prove 
W'=i^^=*A so that they together ; the following equalities; 
represent the weight concentrated at b; 
and let w,w,= TF, represent the weight 
concentrated at ^„ etc. Then can the 
equilibrium polygon d be constructed by 
making dtl^ \\ bw^y d^d^ || bio^, etc. If bd 



d,c^=d,c^ d,\\'-^d,'c,' ; 



=C/> the polygon must pass through b^ \ The quantities of the type dc are proper- 



and 6/, which tests the accuracy of the 
work. 

Now to investigate the effect of an 
unbalanced load covering one-half the 



tional to the bending moments which the 
stiffening truss must sustain if it pre- 
serves the cable in its original shape, 
when acted on bv an unbalanced load 



span, let us take one half the load on the of depth bx^ on the supposition that the 
right half of the span and place it upon : truss has hinge joints at its ends, and is 
its left, so that xz and vb represent the by them fastened to the piers. For in 
relative intensitv of the loading upon that case the cable is in the condition of 
the left and right half of the span re- \ an arch with hinge joints at its ends, 
epectively, the total load being the same | The condition which then holds is this: 
as before. If it is desirable to consider ; v/ if \ _ v/ \r \ 

that the total load has been increased ! ^_ ^\^May)^^{,Mey) 

by the unbalanced load we have simply 
to change the scale so that the same 
length of load line as before, (viz, 6/w 



or, 



This last is fulfilled as is seen by the 

+^,<r/) shall represent the total loading! I above equations, for to every product 

This will give a new value to the hori- such as + b d^ X dc^ corresponds another 

zoiital tension also. --b/d/xd^ c/ of the same magnitude 

^"^ow let a new equilibrium polygon c be ; but opposite sign. 

«rawn, which is due to the new distribu- , The polygon c could have been ob- 

^00 of the concentrated weights. It is : tained by a second equilibrium polygon 

^^cessary to have the closing line of this i in a manner precisely like that used be- 

poly^Qn c horizontal, and this may be ac- 1 fore, but as it appears useful to show 

com piighed either, by drawing the polygon the connection between the methods of 

^ ^ny position and laying off the ordi- treating the arch rib which is itself stiff, 

JJato^ of the type be equal to those in the and the flexible arch or cable, which is 

poj V- ^on so drawn, or better as is done stiffened by a separate truss, we have 

^^ . t. his Figure by laying off in each departed from our previously employed 

^^l-S^t line that part of the total load method for determining the polygon c, 

^hic*|j jg borne by each pier, which is as it is easy to do when both c and d are 

^^a^iily computed, as follows. The ! parabolic. 

^istsxuce of the center of gravity of the ! Now let us compute the bending mo- 
loaclijjg divides the span m the ratio ofiment 

I' ^o 27. Hence JJ and U of the total =d,c,xiS=M<'-Mo 

loa<\ are the resistances of the piers, or ?ir— -^ irv A..^?— >9r ir^^ 

8^»^-t. the total load= 1 1 W, we have b/n ^^^- ' " ^ \'^''' ' " '^ 

= J;^ IFand /v^/=V Tr. Now make w. Ma=V^''x iS.S=H WS 

«5-Ylhe weight concentrated at />„ etc.| .-. J/,-3/j=A TT^.S. 

^V^ ''»'", + ^"i= that at b^. Then draw 

^he polygon c. Compute also the bending moment at 

The polygon c has the same central ^^^ vertical through b,, 

deflection as the polygon d; forcompute J/c=-f H'xi^S-i \Vx^S= WS 

^ ^''''^' . Jlfj= V irx iS-^ Wx ^\S=i WS 

.-. Jf=VTrxiAS-J WxiS=i WS I .-. Mc-3fd=iWS 
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Similar computations may be made for By flexible cable or arch is meant one 
the remaining points, and this note- which has hinge joints at the points 
worthy result will be found true, that where it supports the stiffening truss. It 
the bending moments induced in the need not actujiUy have hinge joints at 
stiffening truss by the assumed loading, those points : the condition is sufficiently 
are the same as would have been induced fulfilled if it is considerably more flexi- 
by a positive loading on the left of a ble than the truss which it supports, 
depth 2/2, and a negative loading on the ! The truth of Prop. YI has been recos- 
right of an equal depth yh. For com- nized by previous writers upon this sub- 
pute the moments due to such loading ject in the particular case of the parabolic 
at the points h^ and h^, susjiension cable, and it has been errone- 

The resistance of the pier due to such ously a])plied to the determination of the 
loading = i ^F bending moments in the arch rib in gen- 

ii \r JL c— A. irc ^\^^n It is inaccurate for this purpose in 

•*• -^^6— * " X rtA>=A W b ^y^^ particulars, inasmuch as in the first 

^^^ \ place the arch to which it is apj>lied is 

M^— \ TFx i aS^-^ H'x hS=^ \ W^, etc. |^ot i)arabolic, though the negative load- 
ing due to it is assumed to be uniform, 

We arrive then at this conception of and in the second place the horizontal 
the stresses to which the stiffening truss thrust is not the same for the different 
is subjected, viz: — the truss is loaded kinds of arch rib, while this assumes the 
with the applied weights acting down- same thrust for all, viz : that arising 
ward, and is drawn upward by a uui- from a flexible arch or one with three or 
formly distnbuted negative loading, more joints. 

whose total amount is equal to the posi- X similar proposition has been intro- 
tive loading, so that the load actually duced into a recent publication on this 
applied at any point may be considered subject* but in that work the truss stiff- 
to be the algebraic sum of the two loads ens a simple parabolic cable, and the 
of different signs which are there applied, truss is not supposed to be fastened to 
This conception might have been derived the piers, so that it may rise from either 
at once from a consideration of the fact ' pier whenever its resistance becomes 
that the cable can sustain only a uniform • negative. As this should not be permit- 
load, if it is to retain its shape; but it ted in a practical construction the case 
appears useful in several regards to show will not be discussed. In accordance 
the numerical agreement of this state- with Prop. VI let us determine anew 
ment with Prop. IV of which in fact it the bending moments due to an unbal- 
is a particular case. It is unnecessary anced load on the left of an intensity 
to make a general proof of this agree- : denoted by hz. As before seen this pro- 
ment, but instead we will now state a | duces the same effect as a positive load- 
proposition respecting stiffening trusses, ing of an intensity yz:=fm=^hz on the 
the truth of which is sufficiently evident left, and a negative loading of an inten- 
from considerations previously adduced. : sity yh=fn=^hz. Now using g as a pole 

-o TTT mi ^ • J J . 1 I with a pole distance of of ^=one third of 

Prop. VI. The stresses mduced m the \ ^^e span lay off the concentrated weight 

stiffenmgtrussof a flexible cable or arch, :p^j^^=that applied at />„ etc., on the 
by any loading, is the same as that which same scale as the weights were laid off 
would be induced in it by the application I »" t,he previous construction, and in such 
to it of a combined positive and negative : a position that .^ is opposite the middle 
-. ,. ., , . , /. „ . ! of the total load, which will cause the 
loadmg distnbuted m the followmg j ^^^sing line to be horizontal. Then 
manner, viz : the positive loading is the ' draw the equilibrium polygon a due to 
actual loading, and the negative loading these weights. The ordinates of the 

is equal numerically to the positive load- ^XPe a/ are by Prop. VI proportional to 

1 ^ • J" X •!, ^ 3 a. the bendine moments induced in the 

ing, butisso distributed as to cause no i ^.<r . .^ Y \^ u i *i i j 
.^\. • I. 1 1 V. ' stilremng truss by the unbalanced load 



bending moments in the cable or arch, 
«.«., the cable or arch is the equilibrium 
polygon for this negative loading. 



when the truss is simply fastened to the 

* Graphical Statics, A. J. Da Boi9, p. 329, published 
by John W^iley <& Son, New York. 
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piers at the end.s, and, as we have seen, 
each of the qnantities ^//' is identical with 
the corresponding f|nantity ''<h 

If the stiffening truss is fixed liorizon- 
tallv at its ends a closing line ////' must 
be ara\rn in such a position thiit ^[^f) 
= 0, and as it is evident tliat it must di- 
vide the equilibrium })oIygon symm<'tri- 
cally it paijses through /' its ccntnil 
point. 

As stated in a previous article, the 

maximmn bending moments at certain 

points of the span arc causr«l when the 

unbalanced load covers somewhat more 

than half of the span, Tn the case of a 

parabolic cable or arch the mnximum 

maximorum bending jnoment is caused 

when this load extends over two-thirds 

of the span, as is proveil hy Kankine in 

his Applied 3Iechanics by an analytic 

process. J-iet the load extend tlien over 

all except the right hand thinl of the 

span with an intensitv represented bv 

^=?/y/. 'H'^^" i^./V7.= >^';7;» the 
truss may by l*rop. VI he ei>n.sidered to 

8U8tani a i)0sitivc load ot' the intensity 

//7, on the left of />.;', and a negative 

load of the intensity J\'<j^ on tlie right 

of '','. Using //' as the pole and the 

•aine pole distance as before, lay oil the 

weight q^q^ concentrated :U f\^ etc., so 

^at //' is opposite the middle of the 

height line. We thus obtain the equili- 

Wufii polygon e^ in which the ordinates 

^ th« type ef are proportional to the 

"^''ding moments of the truss under the 

*jsjirned loading, when its cutis are sim- 

P'7 f^astened to the piers. 

f^c^w bd was the ordinate of an eqnili- 

"narxi polygon having the same horiztm- 

fal ^ evasion, and under a loatl of the same 

inteixgity covering the entire s])an. It 

^*^ V)e found that hd='}j\f.\^ which may 

^ stated thus: — the greatest hending 

?*^*"*>.eiit induced in the stiffening truss, 

y 5Xn unbalanced load of uniform in- 

^®"*^ity is four twenty-sevenths of that 

pro^XQced in a simple truss under a load 

^lie same intensity covering the entire 

'P^'^X. This result was obtained by Kan- 

J^**^^ analytically. If the truss is fixed 

J^^^isKontally at its ends, we must draw a 

clo^lu^ Yine kk\ which fulfills the condi- 

™^s before used for the straight girder 

~^cJ at the ends, as discussed previously 

^ Oonnection with the St. Louis Arch. 

^y the constmction of a second equili- 

o^^Tim polygon, as there given, we find 



the position of kk'\ then the ordhjates 
ke will bo proportional to the bending 
moments of the stiffening truss. 
Thcshearinir stress in the truss is obtained 
from the l<^a<linu: which causes the bend- 
ing moment, in ilie same manner as that 
in any simple truss. The horizontal ten- 
sion in the cable, is the same whenever 
the total loa<l on the sjian is the same, 
autl is not chariijed by anv alteration in 
the distribution of the loading, which 
fact is evident from Pro]). VI. The 
maximum tension of the cahle is found 
when the live load extends over the 
entire span, an«l is to Im* ol)tain(»d from a 
force ])olygon which gives for its equili- 
brium iiolvcjon the curve ai the cable 
ilsi'lf, :is would be <lone by using tlio 
weights '^/^., etc., and a j)ole distance of 
six times A/y^zr twice the span. 

The temperature strains of a stiffening 
truss of a susjiension bridge are more 
."-ever':* than those of tli(» truss stiffening 
an arch, 1 urea use the total elongation of 
the cable in the si<lo spans as well in the 
main si»an, is transmit le<l to the main 
span anil ]U'oduces a defiection at its 
center. This is oui^ reason whv stavs 
furnish a method of bracing, particularly 
applicable to suspension bridges. i>ut 
supposing that the truss bears part of 
the bending moment due to the elonga- 
tion of the cable, it is evident that when 
the truss is simply fastened to the piers, 
the bending moments so induced are 
proportional to the ordinates of the type 
^'/, for by the elongation of the cable, it 
transfers part of its uniformly distrib- 
uted weight to the truss. 

That load which the cable still sus- 
tains, is uniformly distributed, if the 
cable still remains parabolic, therefore 
that transferred to the truss is uniformly 
distributed. 

When the truss is fixed horizontally 
at the piers, the closing line of the curve 
d must be changed so that -^'(.l/)=0, 
and the ben<ling moments induced by 
variations of temperature, will be pro- 
; portional to the ordinates between the 
curve d and this new closing line. 

It remains only to discuss the stability 
of the towers and anchorage abutments. 
The horizontal force tending to overturn 
the i)iers comes from a few stays only, 
as was previously stated, and is of such 
small amount that it need not be consid- 
■ eretl. 
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The weight of the abutment in 
the case before us is almost exactly 
the same as the ultimate strength 
of the cable. Suppose that st=8V are 
the lines representing these quantities in 
their position relatively to the abutment. 
Since their resultant »v intersects the 
base beyond the face of the abutment, 
the abutment would tip over before the 
cable could be torn asunder. And since 
the angle var is greater than the angle 
of friction between the abutment and 
the ground it stands on, the abutment if 
standing on the surface of the ground, 
would slide before the cable could be 
torn asunder. 

The smallest value which the factor of 
safety for the cable assumes under a 
maximum loading is computed to be six. 
Take st'=ist as the greatest tension 
ever induced in the cable, then s/ the 
resultant of sv and st^ cuts the base so 
far within the face that it is apparent 
that the abutment has sufficient stability 
against overturning, and the angle vsr' 
is so much smaller than the least value 
of the angle of friction between the 
abutment and the earth under it, that 
the abutment .would not be near the 
point of sliding even if it stood on the 
surface of the ground. It should be 
noticed tha all the suspenders in the 
side span assist in reducing the tension of 
the cable as we approach the abutment, 
and conduce by so much to its stability. 
Also the thrust of the roadway may as- 
sist the stability of the abutment, both 
with respect to overturning and sliding, 

CHAPTER X. 

THE CONTINUOUS GIRDER WITH VARIABLE 

CROSS-SECTION. 

In the foregoing chapters the discussion 
of arches of various kinds has been shown 
to be dependertt upon that of the straight 
girder; but as no graphical discussion has, 
up to the present time, been published 
which treats the girder having a variable 
cross-section and moment of inertia, our 
discussion has been limited to the case of 
arches with a constant moment of iner- 
tia. 

Certain remarks were made, however, 
in the first chapter tending to show 
the close approximation of the results 
in case of a constant moment of inertia 
to those obtained when the moment of 
inertia is variable. We, in this chapter. 



propose a new solution of the continuous 
girder in the most general case of varia- 
ble moment of inertia, the girder resting 
on piers having any different heights 
consistent with the limits of elasticity of 
the girder. This solution will verify the 
remarks made, and enable us easily to see 
the manner in which the variation of the 
moment of inertia affects the distribution 
of the bending moments, and by means 
of it the arch rib with variable moment 
of inertia can be treated directly. 

Besides the importance of the con- 
tinuous girder in case it constitutes the 
entire bridge by itself, we may remark 
that the continuous girder is peculiarly 
suited to serve as the stiffening tniss of 
any arched bridge of several spans in 
which the arches are flexible. Indeed, it 
is the conviction of the writer that the 
stiff arch rib adopted in the construction 
of the St. Louis Bridge was a costly mis- 
take, and that, if a metal arch was desir- 
able, a flexible arch rib with stiffening 
truss was far cheaper and in every way 
preferable. 

Let us write the equation of deflections 
in the form 

mnn \7in n / 

in which n is the number by which any 
horizontal dimension of the girder must 
be divided to obtain the corresponding 
dimension in the drawing, ?i' is the 
divisor by which force must be divided 
to obtain the length by which it is to 
be represented in the drawing, m is an 
arbitrary divisor which enables us to 
use such a pole distance for the second 
equilibrium polygon as may be most 
convenient, /^ is the moment of inertia 
of the girder at any particular cross sec- 
tion assumed as a standard with which 
the values of / at other cross sections 
are compared, and i=I^-T- 1 is the ratio 
of I^ (the standard moment of inertia), 
to I (that at any other cross-section). 
For the purpose of demonstrating the 
general properties of girders, the equation 
need not be encumbered with thecoeflici- 
ents J7inn\ but for purposes of explaining 
the graphical construction they are very 
useful, and can be at once introduced in- 
to the equation when needed. 
In the equation 

1 D . EI^=r^{Mix) 
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M^i^ the effective bending moments, can 
be obtained by simple multiplication, 
since i is known at every point of the 
girder. Moreover, the vertical through 
the center of gravity of this positive 
effective moment area can be as readily 
found as that through the actual positive 
moment area. Call this vertical "the 
positive center vertical." Again, the 
negative moment areas proportional to 
MJ, and Mji can be found from the tri- 
angular areas proportional to M^ and M^ 
by simple multiplication, and if we pro- 
ceed to find the verticals through their 
centers of gravity we shall obtain the 
same verticals whatever be the magni- 
tude of the negative triangular areas, 
since their vertical ordinates are all 
changed in the same ratio by assuming 
the negative areas differently. Let us 
call these verticals the "left" and 
" right " verticals of the span. In case 
i=l, as in Fig. 11, the left and right 
verticals divide the span at the one-third 
points. This matter will be treated 
more fully in connection with Fig. 13. 

Again, let us call the line t^t^ " the 
third closing line." It is seen that, 
whatever may be the various positions 
of the tangent ^^ , the ordinate dn^ be- 
tween the third closing line and t^q^ pro- 
longed, is invariable; for the triangle 
t/i^t^ is invariable, being dependent on 
the positive load and pole distance alone. 
By similarity of triangles it tlien follows 
tliat the ordinate, such as lo\ on any as- 
sumed vertical continues invariable; and 
when there is no negative load at ^,, 
then ht^q^ becomes straight, o' coincides 
with h and n with p,. Similar relations 
hold at the right of q^. The quantity 
dp^ is of the nature of a correction to be 
subtracted from the negative moment 
when the girder is fixed horizontally at 
the piers in order to find the negative 
moment when the tangent assumes a new 
position, for np^=.dn—dp^. The negative 
moments can consequently be found from 
the third closing line and the tangents 
at the piers; while the remaining lines 
qj,^ and ^/^/ will test the correctness of 
the work. Before applying these pro- 
perties of the deflection polygon and its 
third closing line to a continuous girder, 
it is necessary to prove a geometrical 
theorem from Fig. 12. 

Let the variable triangle xyz be such 
that the side xz always passes through 




the fixed point g^ the side xy always 
passes through the fixed point jo, and the 
vertices xyz are always m the verticals 
through those points; then by the prop- 
erties of homologous triangles the side 
yz also has a fixed point/* in the straight 
line gp. Furthermore, if there is a point 
z' in the vertical through 2, and in all 
positions of z it is at the same constant 
distance from 2, then on the lineyz' there 
is a fixed point g' where the vertical 
througli f intersects yz' ; for, if z' main- 
tains its distance zz' invariable, then 
must any other point as g* remain con- 
stantly at the same vertical distance 
from/*, as appears from similarity of tri- 
angles. But as /* is fixed g' is also. 
When, for instance, the triangle xyz as- 
sumes the position ^^y^z^^ then z' moves 
to 2/. 

Let us now apply tlie foregoing to the 
discussion of a continuous girder over 
three piers ;>"^)// ns shown in Fig. 13, 
in whic]) the lengths of the spans have 
the ratio to each other of 2 to 3. Divide 
the total length of the girder into such a 
number of equal parts or ])anels, say 15, 
that one division shall fall at the inter- 
mediate pier, and let the number of lines 
in any panel of the type aa represent its 
relative moment of inertia. Assume the 
moment of inertia where there are three 
lines, as at a, r/^, etc., as the standard or 
I^y then i=l at a, i=i at ^„ /=| at a^', 
etc. 

Let the polygons c and c' be those due 
to the weights m the left and right spans 
respectively. Then the ordinates of 
the type ho are proportional to M^ in the 
left span. The figure hc^c'c^''c^\\c^c^cj 
h^ is the positive effective moment area 
in the left span, and its ordinates are 
proportional to MJ., Its center of gravi- 
ty has been found, by an equilibrium 
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polygon not drawn, to lie in the positive 
center vertical j'/„, A similar iiositive 
effective moment area on the right ha» 
its center of cravity in the positive cen- 
ter vertical q q,'. 

Now assume any negative area, as 
that included between the lines h and d, 
and draw the lines M, and hl\\ dividing 
the negative area in each sjian into right 
and loft triangular arca.s. Let tlie quan- 
tities of the typo hb be proportional to 
if,, hd to M„ A'i' to _!/;', etc., then the 
ordinates of bhJi'b^h°l>J>J(''l>Ji are pro- 
portional toMJ, and the center of gravi- 
tv of tliis area has been found to lie in 
the right negative vertical (,?■,. Similar- 
ly, the left negative vertical containing 
the center of gravity of the left negative 
effective moments, is (,>•,, In the right 
span (,>,' and r,V,' are the left and right 
verticaia. As before stated, these verti- 
cals would not be changed in position 
by changing the position in any manner 
whatever of the line <l hy which the 
negative moments were assumed, for 
fiuvh change of position would change 
all the ordinates in the same ratio. 

Let HB find also the vertical containing 
the center of gravity of the effective 
moment area, corresponding to the actual 
moment area hjibj. It is found by a 
polygon not drawn to be vo. Call vo 
"the negative center vertical." It is 
unchanged by moving the line il. 



polygon be drawn due to the effective 
moments as toads, two of its sides must 
intersect on vo, because it contains the 
center of gravity of contiguous loads. 
Now lot rr, represent ^{JI/^i) ; — it is in 
fact one eighth of the sum of the ordi- 
nates A|'.'|-f 6,e/, etc., and hence is the 
height of a triangle having a ba8e=^/*/*„ 

id an area equal to the effective mo- 
ment area in the left span. Also rV,' is 
the height of a triangle having the same 
base, and an aiea equal to the effective 
moment area in the nght span. 

As previously explained, sr, is the 
amount of the right negative effective 
moment area in the left span, measured 
in the same manner, white sr is that on 
the left when the girder is fixed horizon- 
tally at the piers. We obtain «>,' and 
K'r' in the right span, in a similar manner. 
Xow assume the arbitrary divisor m=l, 
and take the pole distance r,H,=£7,-i- 
. Then as seen previously, if mn=6r^, 
ou is the constant intercept on the nega- 
tive center vertical, between the third 
closing line in the left span, and a side 
of the type qt. Also ou' is a similar 
constant intercept on this vertical due 
to the right span. Make '■,''i^''i'*i ^"^ 
Mjj«,=w, then W, is a similar invariable 
intercept; as is I'h^', which is obtained 
in a similar manner. 

Now the negative center vertical ou 
was obtdned from the triangle b,hb^', i.e. 
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on the supposition that the actual mo- 
ment over the pier is the same whether 
it be determined from the left or right 
of the pier. It is evident that while the 
girder is fixed horizontally at the inter- 
mediate pier, the moment at that pier is 
generally different on the two sides, at 
points infinitesimally near to it, but that 
when the constraint is removed an equali- 
zation takes place. 

Since ou and ou' are derived from 
the positive effective moments, it appears 
that when the tangent at J9 is in such a 
position that the two third closing lines 
mtercept a distance uu' on ov and the 
two lines of the type qt when prolonged 
intersect on ov, the moments over the 
pier will have become equalized. 

We propose to determine the position 
of the tangent at p which will cause this 
to be true, by finding the proper position 
of the third closing hues in the two spans. 

Move the invariable intercepts to a 
more convenient position, by making 
o^z^-ou^ and o^z'=oic\ Now by making 
the arbitrary divisor m=l, as we did, 
the ordinates of the deflection polygon 
became simply Z>, i.e.y they are of the 
same size in the drawing as in the girder, 
hence the difference of level of />', )y and 
p' must be made of the actual size. By 
changing m this can be increased or 
diminished at will. 

Now we propose to determine two 
fixed points g and g'^ through which the 
third closing line in the left span must 
pass, and similarly g'" and g' on the 
right. 

If the girder is free at p" then as shown 
in connection with Fig. 11, the third 
closing line must pass through g^ if gp'^ 
Ib^, Draw gz as a tentative position of 
the third closing line, and complete the 
triangle xy'z as in Fig. 12. 

Then is xy' the tentative position of 
the tangent at j9, and since the third clos- 
ing line in the right span must pass 
through 2/', and make an intercept on 
the negative center vertical equal to uu\ 
then zy' is its corresponding tentative 
position. But wherever gz may be 
drawn, every line making an intercept 
=:uu' and intersecting t^ r/ in such a 
manner that the tangent passes through 
p must pass through the fixed point g', 
found as described in Fig. 12. There- 
fore the third closing line in the right 
span passes through g\ Similarly, if 



there were more spans still at the righ 
of these, we should use g' for the detei 
mination of another fixed point, as w 
have used g to determine it. 

Now find g"' and g' precisely as g an 
g' have been found, and draw the thir 
closing lines t^t^ and ^/^/. If ^,</ passe 
through p the construction is accurate 
Make wt?'=vt?", then is n^m, the negj 
tive effective moment at the left, an< 
n/m/ that at the right of the pier. 

Let bw be the effective moment are 
corresponding to the triangle hhb^^ an< 
measured in the same manner as th 
positive area was, by taking one eight! 
of its ordinates, and let bw^=n^m^\ the: 
as the effective moment bw is to th 
actual moment bh corresponding to it, s 
is the effective moment bw^ or n^m^ t 
the actual moment bk corresponding v 
it. The same moment bJc is also foun< 
from n^ml^ by an analogous construe 
tion at the right of ^, which tests the ac 
curacy of the work. 

Several other tests remain which w 
will briefly mention. 

Prolonff p"t^ to g, and p't^ to ^', the 
qt^ and qt^ must intersect on the negc 
tive center vertical at o, so that o^t'"= 
ou'\ Also vv' must be equal to vii. 
Again <,y' passes through /*, and t^ 
through /'. Also yo^ intersects qo^ o; 
the fixed vertical y^" at e, and y'o, inlei 
sects q'o^ on the fixed vertical fg' at c 
That these must be so is evident from 
consideration of what occurs during 
supposed revolution of the tangent t^t^ 
to the position xy' , 

Now having determined the momen 
bk over the pier, kb^ and kb^ are th 
true closing lines of the moment poly 
gons c and v\ Call these closin: 
lines ky then the ordinates of th 
type kc will represent the bending mc 
mentfl at different points of the girdei 
The points of the contra flexure are a 
the points where the closing lines intei 
sect the polygons c and c' , The direc 
tions of the closing lines will permit a 
once the determination of the resistance 
at the piers and the shearing stresses a 
any point. 

The particular difference between th 
construction in case of constant and o 
variable moment of inertia, is seen to b 
in the positions of the center vertical 
positive and negative, and the right an< 
left verticals. 
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The small change in their position due 
to the variation in the moment of inertia, 
18 the justification of the remarks previ- 
ously made respecting the close approxi- 
mation of the two cases. 

It is seen that the process here devel- 
oped can be applied with equal facility 
to a girder with any number of spans. 
Also if the moment of inertia varies con- 
tinaously instead of suddenly, as assumed 
in Fig. 13, the panels can be taken short 
enough to approximate with any re- 
quired degree of accuracy to this case. 

CHAPTER XI. 

THE THEOBBM OF THREE MOMENTS. 

The preceding construction has been 
in reality founded on the theorem of 
three moments, but when the equation 
expressing that theorem is written in • 
the usual manner, the relationship is ; 
difficult to see. Indeed the equation as 
given by Weyrauch* for the girder hav- 
ing a variable moment of inertia, is of so 
complicated a nature that it may be 
thought hopeless to attempt to associate 
mechanical ideas with the terms of the 
equation, in any clearly defined relation- 
BMp. We propose to derive and express 
the equation in a novel manner, which 
will at once be easy to understand, and 
wt difficult of interpretation in connec- 
^n with the preceding construction. 

Let us assume the general equation of 
deflections in the form. 

D^2{Mx-^EI), or D.JE:i = 2{Mix) 

(7) 
in which I is the variable moment of 
inertia, J^ some particular value of J"as- 
snmed as the standard of comparison, 
*=/,-f-/, and X is measured horizontally 
from the point as origin, where the de- 
flection D is taken to the point of appli- 
cation of the actual bending moment M, 
The quantity Mi is called the effective 
J>€nding moment, and the deflection I) 
w the length of the perpendicular from 
the ongin to the line tangent to the de- 
"Cction curve at point to which the sum- 
nation is extended. 

Now consider two contiguous spans 
^f a continuous girder of several spans, 
^'^d let acb denote the piers, <.' being the 
intermediate pier. I^et the span ac=l 
and 6c=r. Take the origin at a and 

« . Allgemdne Thcorie und Bercchnuiig der Contiimir- 



extend the summation to c, calling the 
deflection at a, Da» When the origin is 
at 5 and the summation extends to c, let 
the deflection be Dt, Let also ya^yb an<^ 
ye be the heights of a, b and c respective- 
ly above some datum level. Then, as 
may be readily seen. 



c > 



^a = ya — ye — It 

J>b = yh — yc — Vtc, 



\itc is the tangent of the acute angle at 
c on the side towards a between the tan- 
gent line of the deflection curve at c 
and the horizontal, and ^e' is the tangent 
of the corresponding acute angle on the 
side of c towards h. 

Now if we consider equation (7) to 
refer to the span /, the moment M may 
be taken to be made up of three parts, 
viz: — M^ caused by the weights on the 
girder, M^ dependent on the moment 
Mc at c, and M^ dependent on the mo- 
ment Ma at a. The moments in the 
span V may be resolved in a similar man- 
ner. We may then write the equations 
of deflections in the two spans when the 
summation extends over each entire span 
as follows: 

EiXya-ycUc) = :s? {Mfx) - X. {M^ix) 

-2^,{MJx) (8) 

BI,{y,^y-lV)=2',{M,rx') 

--2'c{3f/i'x')^2l{M/i'x') (9) 

in which x is measured from a, and a' 
from b towards c. Now if the girder is 
originally straight, tc = — ^c', hence 
we can combine these two equations so 
as to eliminate te and te', and the result- 
ing equation will express a relationship 
between the heights of the piers, the 
bending moments (positive and negative), 
their points of application and the mo- 
ments of inertia; of which quantities the 

j negative bending moments are alone un- 
known. The equation we should thus 
obtain would be the general equation 
of which the ordinary expression of the 
theorem of three moments is a particular 
case. Before we write this general 
equation it is desirable to introduce cer- 
tain modifications of form which do not 

; diminish its generality. Suppose that 

then is x. the distance from a to the cen> 



iSSg»3j,,iH»*«*'» "T"*"'- •""'°'» I- Weyrauch. ! ^^^ ^j ^^^^,.^^^ ^f ^^^ negative eflEective 
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moment area next to c. As was shown 
in conneotion with Fig. 13, the position 
of this center of gravity is independent 
of the magnitude of M^ or Mc and may 
be found froni the equation, 



ix^dx 



X,— 




for JliTj is proportional to x. 
it may be shown that 



(10) 



Similarly 



«,- 



/ {{l—xjxdx 
J i{l—x)dx 



resents the negative actual moment area 
next to c in the span L 
Similarly, we have the equations 

If there is no constraint at the pier 
then must 3fe = JH/, 

Now making the substitutions in equa- 
tions (8) and (9), which have been indi- 
cated in the developments just com- 
pleted, and then eliminating te and te\ 



(11) 



HL 



J yg-y 



c i/b —j/e 



I' 



l-^'fXiM,)- 



is the distance of the center of gravity 
of the negative effective moment area 
next to a. 

Again, suppose that 

then is i^ an average value of i for the 
negative effective moment area next to 
0, which is likewise independent of the 
magnitude of M^y as appears from reason- 
ing like that just adduced respecting x,. 
Hence t\ may h% found from the equation 



*o'^ ^& 



fj 



ixdx 



t,= 



/•a • • 

/ xdx 

Similarly it may be shown that 

/ i{l—x)dx 



(12) 



^„= 



/ {l—xjdx 



(13) 



in which z, is the average value of i for 
the negative effective moment area next 
to a. 

The integrals in equations (10), (11), 
(12), (13), and in others like them refer- 
ring to the span l\ which contain i must 
be integrated differently, in case i is dis- 
continuous, as it usually is in a truss, 
from the case where / varies continuous- 
ly. When i is discontinuous the integral 
extending from o to a must be separated 
into the sum of several integrals, each of 
which must extend over that portion of 
the span I in which i varies continuously. 

Furthermore we have 

2t{M,)=^MJ. . . (14) 
since each member of this equation rep- 



^, :s:(j//)=i[.Vaj.*>jf,(V.+i/^') 

+ Mii^%'] . . . (15) 

in which Ic^ is the distance from a of the 
center of gravity of the positive effect- 
ive moment area^ due to the weiffhts in 
the span /, and H/ is a similar distance 
from b in the span /', while i^ and t,' are 
average values of i for these areas de- 
rived from the equations in each span, 

It may frequently be best to leave the 
expressions containing the positive mo- 
ments in their original form as expressed 
in equations (8) and (9). 

Equation (15) expresses the theorem of 
three moments in its most general form. 

Let us now derive from equation (15), 
the ordinary equation expressing the 
theorem of three moments, for a girder 
having a constant cross section. In this 
case z=l, and we wish to find the value 
of the term 2{M^x) in each span. Let 
M^ be caused by several weights -P ap- 
plied at distances z from a, then the mo- 
ment due to a single weight -P at its 
point of application is 

which may be taken as the height of the 
triangular moment area whose base is I 
which is caused by P. This triangle 
whose area is \MJ, is the component of 
2{M^ due to P and can be applied as a 
concentrated bending moment at its cen- 
ter of gravity at a distance x from a. 

Now sB=jr(/-i-2), and taking all the 
weights Pat once 

:5'(Jtf;a;)=i2?[P(r-2>]. 

Also in equation (15) we have in this 
case 
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-jZl[P{r-z-)2]-],s'^[i''(r-n^] 

=]HJ+2M, (l+l') + Mbl' ■ (10) 
Eqaation (16) then expresses the the- 
orem of three momenlR for a girder hav- 
ing a constant moment of inertia /, and 
Wected by weights applied in the span 
J at distances z from a, and also by 
Tfeigbts in the span /' at distances z' from 

Let IIS also take the particular case of 
eqnation (15) when the moment of inertia 
Isinvariableand the piers on a level; then 
1=1, and if we let A and -■!,' be tht 
fuitive moment areas dne to the weightt 
mhave 



il- 



, ] 






(17) 



Tbis form of the equation of three mo- 
menta was first given by Greene.* 

The advantage to be derived in disous- 
■ingthis thGorem in terms of the bending 
moments, instead of the applied weight; 
ii evident both in the analytical and the 
graphical treatment. The extreme com- 
plexity of the ordinary formulae arises 
from their being obtained in terms of 
the weights. 

_ In order to complete the analytic solu- 
tion of the continuous girder in the gen- 
eral case of equation (15), it is only 
necessary to use the well known equa- 

tiOM, 

Sf=Jlf, + S,z,'K{Pz,) . . (18) 
S,=llM.^M,+l7{rz)-\ . . (19) 

li:=\,[Mt-Mc + '-'APz-n . (20) 

R,=S,+ S,' (31) 

S=S,^K{P) (22) 

I" (16) M is the bending moment at 
*"? point ill the span /, Sc is the shear 
"' ^ due to the weights in the span /, 
and z, ia the distance from towards e 
"f the applied forces P and Sc in the seg- 
ment Oc. 
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Equation (19) ia derived from (18) by 
taking at a, and (20) is obtained simi- 
larly in the span I'. It^ is the reaction 
of the pier at c. S ia the shear at O in 
the span I. These equations also com- 
plete the solution of the cases treated in 
(16) and (17). 

CItAPTER Sn. 



Whenever the moment of inertia of 

I arch rib is so small, that it cannot 
afford a siifiicient resistance to hold la 
equilibrium the bending moments due 
to the weights, it may be termed a flexi- 
ble rib. 

It must have a sufficient cross section 
resist the compression directly along 
the rib, but needs to be stiffened by a 
trass, which will most conveniently be 
made straight and horizontal. The rib 
may have a large number of hinge joints 
which must be rigidly connected with 
the truBB, usually by vertical parts. It 
is then perfectly flexible. 

If, however, the rib be continuous 
without joints, or have blockwork joiats, 
it may nevertheless be treated as if per- 
fectly flexible, as this supposition will 
be approximately correct and on the side 
of safety, for the bending moments in- 
duced in the truss will be very nearly as 
great as if the rib were perfectly flexible, 
in case the same weight would cause a 
much greater deflection in the rib than 
in the truss. It will be sufficient to 
describe the construction for the flexible 
rib without a figure, as the construction 
can afford no difiiculties after the con- 
Btructions already given have been mas- 
tered. 

Lay off on some assumed scale the 
applied weights as a load line, and let 
us call this vertical load line ww'. 
Divide the span into some convenient 
number of equal parts by verticals, 
which will divide the curve a of the rib 
into segments. From some point i as a 
pole draw a pencil of rays parallel to the 
segments of a, and across this pencil 
draw a vertical line uu', at such a dis- 
tance from 6 that the distance "'(' be- 
tween the extreme rays of the pencil is 
equal to low'. Then the segments of 
uu' made by the rays of the pencil arc 
the loads which the arch rib would bus- 
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tain in virtae of its being an eqailibrium 
polygon, and they would induce no bend- 
ing moments if applied to the arch. 
The actual loads in general are different- 
ly distributed. By Prop. VI the bending 
moments induced in the truss are those 
due to the difference between the weight 
actually resting on the arch at each 
point, and the weight of the same total 
amount distributed as shown by the 
segments of the line u\l\ 

Kow lay off a load line vv' made up 
of weights which are these differences 
of the segments of un' and %o\jo\ taking 
care to observe the signs of these di^ 
ferences. The algebraic sum of all the 
weights vi>' vanishes when the weights 
which rest on the piers are included, as 
appears from inspection of the construc- 
tion in the lower part of Fig. 10. The 
construction above described will differ 
from that in Fig. 10 in one particular. 
The rib will not in general be parabolic, 
and the loads which it will sustain in 
virtue of its being an equilibrium poly- 
gon will not be uniformly distributed, 
hence the differences which are found as 
the loading of the stiffening truss do 
not generally constitute a uniformly 
distributed load. 

The horizontal thrust of the arch is 
the distance of xiu' from h measured on 
the scale on which the loads are laid off, 
and the thrust along the arch at any 
point is length of the corresponding ray 
of the pencil between h and uu'. These 
thrusts depend only on the total weight 
sustained, while the bending moments 
of the stiffening truss depend on the 
manner in which it is distributed, and 
on the shape of the arch. 

Having determined thus the weights 
applied to the stiffening truss, it is to be 
treated as a straight girder, by methods 
previously explained according to the 
way in which it is supported at the 
piers. 

The effect of variations of temperature 
is to make the crown of the arch rise 
and fall by an amount which can be 
readily determined with suilicient exact- 
ness, (see Rankine's Applied Mechanics 
Art. 169). This rise or fall of the arch 
produces bending moments in the stiffen- 
ing truss, which is fastened to the tops 
of the piers, which are the same as would 
be produced by a positive or negative 
loading, causing the same dellection at 



the center and distributed in the same 
manner as the segments of vu' : for it 
is such a distribution of loads or pres- 
sures which the rib can sustain or pro- 
duce. A similar set of moments can be 
induced in the stiffening truss by length- 
ening the posts between the rib and 
truss. 

When this deflection and the value of 
EI in the truss are known, these mo- 
ments can be at once constructed bv 
methods like those already employed. 
A judicious amount of cambering of this 
kind is of great use in giving the struc- 
ture what may be called "initial stiff- 
ness." The St. Louis Arch is wanting in 
initial stiffness to such an extent that 
the weight of a single person is sufficient 
to cause a considerable tremor over an 
entire span. This would not have been 
possible had the bridge consisted of an 
arch stiffened by a truss which was an- 
chored to the piers in such a state of 
bending tension as to exert considerable 
l)res8ure upon the arch. This tension of 
the truss would be relieved to some ex- 
tent during the passage of a live load. 

The arch rib with stiffening truss, is a 
form of which many wooden bridges 
were erected in Pennsylvania in the 
earlier days of American railroad build- 
ing, but its theory does not seem to have 
been well understood by all who erected 
them, as the stiffening truss was itself 
usually made strong enough to bear the 
applied weights, and the arch was added 
for additional security and stiffness, 
while instead of anchoring the truss to 
the piers and causing it to exert a pres- 
sure on the arch, a far different distribu- 
tion of pressures was adopted. Quite a 
number of bridges of this pattern are 
figured by Haupt* from the designs of 
the builders, but most of them show by 
the manner of bracing near the. piers 
that the engineers who designed them 
did not know how to take advantage of 
the peculiarities of this combination. 
This further appears from the fact, that 
the trussing is not usually continuous. 

A good example, however, of this 
combination constructed on correct prin- 
ciples is very fully described by Uaupt 
on pages 169 6^ scq, of his treatise. It 
is a wooden bridge over the Susquehanna 
Kiver, 5^ miles from Ilarrisburg on the 

* Theory of Bridge CoDStractioD. Herman Haupt, A.M. 
New York. 1S53. 
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FeBniiylvania Railroad, and was designed 
by Hanpt. It conuetB of twenty-three 
tptBB 01 160 feet each from center to 
cater of piers. The arches have each 
1 gpan of 149^ feet and a rise of 20 
ft. 10 in., and are stiffened by a Howe 
TnUB which is oontinuons over the 
piers and fastened to them. It was 
erected in 1849, Those parts which were 
protected from the weather have re- 
miined intact, while other parts have 
been replaced, as often as they have de- 
eayed, by pieces of the original dimen- 
noQg, 'nils bridge, though not designed 
for the heavy traffic of these days, still 
Blasds after twenty-eight years of use, a 
proof of the real value of this kind of 
eombioation in bridge building. 

CHAPTER XIII. 

THE AHCn OP MASONRY. 

Arches of stone and brick have joints 
which are stiff up to a certain limit 
beyond which they are unstable. The 
loading and shape of the arch must be so 
■djiiBted to ea4^ other that this limit 
ihall not be exceeded. This will appear 
in the course of the ensuing discussion. 



Let us take for discussion the brick 
arch erected by Brunei near Maidenhead 
England, to serve as a railway viaduct. 

It is in the form of an elliptio ring, as 
represented in Fig. 14, having a span of 
128 ft. with a nse of 34^ feet. The 
thickness of the ring at the crown is 6} 
ft., while at the pier the horizontal thick- 
ness is 7 ft. 2 inches. 

Divide the span into an even number 
of equal parts of the type bb, and with a 
radius of half the span describe the 
semicircle gg. Let ba=2ii ft. be the 
rise of the intrados, and from any con- 
venient point on the line bb as 6, draw 
lines to a and g. These lines will enable 
us to find the ordinates ba of the ellipse 
of the intrados from the ordinates bg of 
the circle, by decreasing the latter in the 
ratio of bg to ba. For example, draw a 
horizontal through g cutting b^g at i„ 
then a vertical through )„ cutting b^a at 
/„ then will a horizontal through j, cut 
off a,i, the ordinate of the ellipse corre- 
sponding to b^, in the circle, as appears 
from known properties of the ellipse. 

Similarly let bq=6i ft. + 7 f t. 2 in., 
and with Cg as radius describe a semicir- 
cle. Let ^=24^ ft. + &i ft. be the rise 
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of the extrados, and from any convenient 
point on bhy as b^ draw lines to d and q. 
These will enable us to find the ordinates 
hd of the ellipse of the extrados, from 
those of the circle, by decreasing the 
latter in the ratio of bq to bd. By this 
means, as many points as maybe desired, 
can be found upon the intrados and ex- j 
trades; and these curves may then be 
drawn with a curved ruler. We can use 
the arch ring so obtained for our con- 
struction, or multiply the ordinates by 
any convenient number, in case the arch 
is too flat for convenient work. Indeed 
we can use the semicircular ring itself if 
desirable. We shall in this construction 
employ the arch ring ad which has just 
been obtained. 

We shall suppose that the material of 
the surcharge between the extrados and 
a horizontal line tangent at d causes by 
its weight a vertical pressure upon the 
arch. That this assumption is nearly 
correct in case this part of the masonry is 
made in the usual manner, cannot well be 
doubted. Rankine, however, in his Ap- 
plied Mechanics assumes that the press- 
ures are of an amount and in a direction 
due to the conjugate stresses of an homo- 
geneous, elastic material, or of a material 
which like earth has an angle of slope due 
to internal friction. While this is a cor- 
rect assumption, in case of the arch of a 
tunnel sustaining earth, it is incorrect 
for the case in hand, for the masonry of 
the surcharge needs only a vertical resist- 
ance to support it, and will of itself pro- 
duce no active thrust, having a horizon- 
tal component. 

This is further evident from Moseley's 
principle of least resistance, which is 
stated and proved by Rankine in the 
following terms: 

"If the forces which balance each 
other in or upon a given body or struc- 
ture, be distingaished into two systems, 
called respectively, active and pasaivCy 
which stand to each other in the rela- 
tion of cause and effect, then will the 
passive forces be the least which are 
capable of balancing the active forces, 
consistently with the physical condition 
of the body or structure. 

For the passive forces being caused by 
the application of the active forces to 
the body or structure, will not increase 
after the active forces have been balanced 



by them; and will, therefore, not increase 
beyond the least amount capable of bal- 
ancing the active forces." 

A surcharge of masonry can be sus- 
tained by vertical resistance alone, and 
therefore will exert of itself a pre.*^ure 
in no other direction upon the haunches 
of the arch. Nevertheless this surcharge 
will afford a resistance to horizontal 
pressure if produced by the arch itself. 
So that when we assume the pressures 
due to the surcharge to be vertical alone, 
we are assuming that the arch does not 
avail itself of one element of stability 
which may .possibly be employed, but 
which the engineer will hesitate to rely 
upon, by reason of the inferior character 
of the masonry usually found in the sur- 
charge. The difficulty is usually avoided, 
as in that beautiful structure, the London 
Bridge, by forming a reversed arch over 
the piers which can exert any needed 
horizontal pressure upon the haunches. 
This in effect increases by so much the 
thickness of the arch ring at and near 
the piers. 

The pressure of earth will be treated 
in connection with the construction for 
the Retaining Wall. On combining the 
pressures there obtained with the weight, 
the load which a tunnel arch sustains, 
may be at once found, after which the 
equilibrium polygon may be drawn and 
a construction executed, similar in its 
general features to that about to be em- 
ployed in the case before us. 

Let us assume that the arch is loaded 
with a live load extending over the left 
half of the span, and having an intensity 
which when reduced to masonry of the 
same specific gravity as that of which 
the viaduct is built, would add a depth 
dfto the surcharge. Now if the number 
of parts into which the span is divided 
be considerable, the weights which may 
be supposed to be concentrated at the 
points of division vary very approximately 
as the quantities of the type af. This 
approximation will be found to be suffi- 
ciently exact for ordinary cases; but 
should it be desired to make the con- 
struction exact, and also to take account 
of the effect of the obliquity of the jouits 
in the arch ring, the reader will find the 
method for obtaining the centers of 

fravity, and constructing the weights, in 
Woodbury's Treatise on the Stability of 
the Arch pp. 405 et seq, in which is 



IN GRAPHICAL STATICS. 



47 



given Poncelet's graphical solution of 
the arch. 

With any convenient pole distance, as 
one half the span, lay off the weights. 
We have used b as the pole and made 
^t^'^x ^ i the weight at the crown = 
i (af-\-ad) = h^w;, ?r.?r, = </,/„ w^w^ = 
aj\, etc. Several of the weights near 
the ends of the span are omitted in the 
Figure; viz., w^tc^ etc. From the force 
polygon so obtained, draw the equili- 
brium polygon c as previously explained. 
The equilibrium polygon which ex- 
presses the real relations between the 
loading and the thrust along the arch, is 
evidently one whose ordinates are pro- 
portional to the ordinates of the polygon 
c. 

It has been shown by Rankine, Wood- 
bnryand others, that for perfect stability, 
— i.«, in case no joint of the arch begins 
to open, and every joint bears over its 
entire surface, — that the point of appli- 
cation of the resultant pressure must 
everywhere fall within the middle third 
of the arch ring. For if at any joint the 
pressure reaches the limit zero, at the 
intrados or extrados, and uniformly in- 
creases to the edge farthest from that, 
the resultant pressure is applied at one 
third of the depth of the joint from the 
&irther edge. 

The locus of this point of application 
of the resultant pressure has been called 
the " curve of pressure," and is evidently 
the equilibrium curve due to the weights 
•Dd to the actual thrust in the arch. If 
then it be possible to use such a pole dis- 
tance, and such a position of the pole, 
that the equilibrium polygon can be in- 
^ribed within the inner third of the 
thickness of the arch ring, the arch is 
stable. It may readily occur that this is 
^^npossible, but in onier to ensure suffi- 
J^'ent stability, no distribution of live 
load should be possible, in which this 
condition is not fulfilled. 

/V"e can assume any three points at 
^^'1; within this inner third, and cause a 
P/'^jection of the polygon c to pass 
thro^gii them, and then determine by in- 
Jpection whether the entire projection 
lies -within the prescribed limits. In 
^^der to so assume the points that a new 
t^'ial may most likely be unnecessary, we 
^^^ note of the well known fact, that 
^^ arches of this character, the curve of 
P^^Bsure is likely to fall without the pre- 



scribed limits near the crown and near 
the haunches. Let us assume e at the 
middle of the crown, e/ at the middle of 
a/<r//, and e^ near the lower limit on a^d^. 
This last is taken near the lower limit, 
because the curvature of the left half of 
the polygon is more considerable than 
the other, and so at some point between 
it and the crown it may possibly rise to 
the upper limit. The same consideration 
would have induced us to raise e/ to the 
upper limit, were it not likely that such 
a procedure would cause the polygon to 
rise above the upper limit on the right 

of «/• 

Draw the closing line kk through e^^/, 

and the corresponding closing line hh 
through c^c/, and decrease all the ordi- 
nates of the type /u: in the ratio of /ib to 
X'6, by help of the lines bn and bl^ in a 
manner like that previously explained. 
For example A,c,=n,o„ and ^,o,=X:/,. 
By this means we obtain the polygon e 
which is found to lie within the required 
limits. The arch is then stable: but is 
the polygon e the actual curve of 
pressures? Might not a different as- 
sumption respecting the three points 
through which it is to pass lead to a dif- 
ferent polygon, which would also lie 
within the limits ? It certainly might. 
Which of all the possible curves of pres- 
sure fulfilling the required condition, is 
to be chosen, is determined by Moseley's 
principle of least resistance, which ap- 
plied to the case in band, would oblige 
us to choose that curve of all those lying 
within the required limits, which has the 
least horizontal thrust, i.e. the smallest 
pole distance. It appears necessary to 
direct particular attention to this, as a 
recent publication on this subject asserts 
that the true pressure line is that which 
approaches nearest to the middle of the 
arch ring, so that the pressure on the 
most compressed joint edge is a mini- 
mum ; a statement at variance with the 
theorem of least resistance as proved by 
Kankine. 

Now to find the particular curve which 
has the least pole distance, it is evidently 
necessary that the curve should have its 
ordinates as large as possible. This may 
be accomplished very exactly, thus: 
above e^ where the polygon approaches 
the ui)per limit more closely than at any 
other point near the crown, assume a new 
position of e^ at the upper limit; and be- 
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low 6/ where it approaches the lower 
limit most nearly on the right, assume a 
new position or €/ at the lower limit. 
At the left e^ may be retained. Now on 
passing the polygon through these points 
it will fuliill the second condition, which 
is imposed by the principle of least resist- 
ance. 

A more direct method for making the 
polygon fulfill the required condition 
will be given in Fig. 1 8. 

It is seen in the case before us, th( 
changes are so minute that it is useless 
to find this new position of the polygon, 
and its horizontal thrust. The thrust ob- 
tained from the polygon e in its present 
position is sufficiently exact. The hori- 
zontal thrust in this case is found from 
the lines bn and bl. Since *2vv^ is the 
horizontal thrust, i.e. pole distance of the 
polygon ^, 2vv, is the horizontal thrust 
of the polygon e. 

By using this pole distance and a pok 
properly placed, we might have drawn 
the polygon e with perhaps greater ac- 
curacy than by the process employed, 
but that being the process employed in 
Figs. 2, 3, etc., we have given this as an 
example of another process. 

The joints in the arch ring should be 
approximately perpendicular to the 
direction of the pressure, i.e. normal to 
the curve of pressures. 

With regard to what factor of safety 
is proper in structures of this kind, all 
engineers would agree that the material 
at the most exposed edge should never 
be subjected to a pressure greater than 
one fifth of its ultimate strength. Owing 
to the manner in which the pressure is as- 
sumed to be distributed in those joints 
where the point of application of the re- 
sultant is at one third the depth of the 
joint from the edge, its intensity at this 
edge is double the average intensity of 
the pressure over the entire joint. We 
are then led to the following conclusion, 
that the total horizontal thrust (or pres- 
sure on any joint) when divided by the 
area of the joint where this pressure is 
sustained ought to give a quotient at 
least ten times the ultimate strength of 
the material. The brick viaduct which 
we have treated is remarkable in using 
perhaps the smallest factor of safety in 
any known structure of this class, having 



at the most exposed edge a factor of only 
3^ instead of 5. 

It may be desirable in a case like that 
under consideration, to discuss the 
changes occuring during the movement 
of the live load, and that this may be 
effected more readily, it is convenient to 
draw the equilibrium polygons due to 
the live and dead loads separately. The 
latter can be drawn once for all, while 
the former being due to a uniformly 
distributed load can be obtained with 
facility for different positions of the load. 
The polygon can be at once combined 
into a single polygon by adding the ordi- 
nates of the two together. Care must 
be taken, however, to add together only 
such as have the same pole distance. In 
case the construction which has been 
given should show that the arch is un- 
stable, having no projection of the equili- 
brium polygon which can be inscribed 
within the middle third of the arch ring, 
it is possible either to change the shape 
of the arch slightly, or increase its 
thickness, or change the distribution of 
the loading. The last alternative is 
usually the best one, for the shape has 
been chosen from reasons of utility and 
taste, and the thickness from considera- 
tion of the factor of safety. If the cen- 
ter line of the arch ring (or any other 
line inscribed within the middle third) 
be considered to be an equilibrium poly- 
gon, and from a pole, lines be drawn 
parallel to the segments of this polygon, 
a weight line can be found which will 
represent the loading needed to make 
the arch stable. If this load line be 
compared with that previously obtained, 
it will be readily seen where a slight 
additional load must be placed, or else a 
hollow place made in the surcharge, 
such as will render the arch stable. In 
general, it may be remarked, that an 
additional load renders the curvature of 
the line of pressures sharper under it, 
while the removal of any load renders 
the curve straighter under it. 

The foregoing construction is unre- 
stricted, and applies to all unsymmetrical 
forms of arches or of loading, or both. 
As previously mentioned, a similar con- 
struction applies to the case of an arch 
sustaining the pressure of water or earth; 
in that case, however, the load is not ap- 
plied vertically and the weight line be- 
comes a polygon. 
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CHAPTER XIV. 

BSTAINIHO WALLS AND ABUTMENTS. 

Let aa'b'b in Fig. 15 represent the 
OQit section of a wall of masonry which 
ret^QB a bank of earth having a snrface 
aa,. Assume that the portion of the 
nil and earth under coanideration is 
boDoded by two planes parallel to the 
pltne of the paper, and at a unit's dis- 
tance from each other: then any plane 
eontaining the edge of the wall at b, as 
ba„ ba^, eta, outs this solid in a longitu- 
dinal section, which is a rectangle having 
ftwidth of one unit, and a length ba^, &a„ 
etc. 

The resnltant of the total pressure 
distributed over any one of these rec- 
tsngiea of the type ba is applied at one- 
tbird of that distance from b: i.e. the re- 
sultant pressure exerted by the earth 
■gaioBt tlie rectangle at ba^ la applied at 
a distance of bk^^ ba^ from b. 

That the resultant is to be applied at 
this point, is due to the fact that the dis- 
tributed pressure increases uniformly as 



we proceed from any point a of the sur- 
face toward b: the center of pressure is 
then at the point stated, as is well known. 

Again, the direction of the pressures 
against any vertical plane, as that at ba,, 
is parallel to the surface aa,. This fact 
is usually overlooked by those who treat 
this subject, and some arbitrary assump- 
tion is made as to the direction of the 
pressure. 

That the thrust of the earth against 
a vertical plane is parallel to the ground 
surface is proved analytically in Ran- 
kine's Applied Mechanics on page 127; 
which proof may be set forth in an 
elementary manner by considering the 
small parallelopiped mn, whose upper 
and lower surfaces are parallel to the 
ground surface. Since the pressure on 
any plane parallel to the surface of the 
ground is due to the weight of the earth 
above it, the pressure on such a plane U 
vertical and uniformly distributed. If 
mn were a rigid body, it would be held 
in equilibrium by these vertical pressures, 
which are, therefore, a system of forces 
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in equilibrium; but as mn is not rigid it 
must be confined by pressures distributed 
over each end surface, which last are dis- 
tributed in the same manner on each end, 
because each is at the same depth below 
the surface. Now the vertical pressures 
and end pressures hold mw in equilibrium^ 
they therefore form a system in equili- 
brium. But the vertical pressures are in- 
dependently in equilibrium, therefore the 
end pressures alone form a system which 
is independently in equilibrium. That this 
may occur, and no couple be introduced, 
these must directly oppose each other; 
i,e, be parallel to the ground line aa^. 

Draw kp II aa^, it then represents the 
position and direction of the resultant 
pressure upon the vertical ba^. Draw 
the horizontal ^^, then is the angle ikp 
called the obliquity of the pressure, it 
being the angle between the direction of 
the pressure and the normal to the plane 
upon which the pressure acts. 

Let e6c= <?be the angle offrictioriy i.e. 
the inclination which the surface of 
ground would assume if the wall were 
removed. 

The obliquity of the pressure exerted 
by the earth against any assumed plane, 
such as ba or ba^, must not exceed the 
angle of friction; for should a greater 
obliquity occur the prism of earth, ajfa^ 
or nfia^^ would slide down the plane, ba^ 
or ba^, on which such obliquity is found. 

For dry earth ^ is usually about 30**; 
for moist earth and especially moist clay, 
^ may be as small as 15°. The inclina- 
tion of the ground surface aa^ cannot be 
greater than ^. 

Now let the points a„ a,, a„ etc., be 
assumed at any convenient distances 
along the surface: for convenience we 
have taken them at equal distances, but 
this is not essential. With 5 as a center 
and any convenient radius, as be, describe 
a semi-circumference cutting the lines 
ba^, ba^y etc. at <\, c„ etc. Make ee^=ec; 
also €/,=c„c„ e/^=c„c„, etc.: then be^ 
has an obliquity with ba^, as has also 
be^ with ia„ be;^ with ba^, etc.; for a^be^ 
=za^be=a^be^=90" '\' 0. 

Lay oflF bb , bb^, bb^, etc., proportional 
to the weights of the prisms of earth 
a^ba^y ajba^y ajba^, etc. : we have eflFected 
this most easily by making a^a^=bb^y 
a^a^=bb^, a^a^z=bb^, etc. Through 6, b^ b^, 
etc., draw parallels to kp; these will inter- 
sect be^j be^j be^y etc., at b, ^„ t^, etc. 



Then is bb^t^ the triangle of forces hold- 
ing the prism afia^ in equilibrium, just 
as it is about to slide down the plane ba^y 
for bb^ represents the weight of the 
prism, b^t^ is the known direction of the 
thrust against ba^y and bt^ is the direc- 
tion of the thrust against ba^ when it is 
just on the point of sliding: then is tfi^ 
the greatest pressure which the prism 
can exert against ba^. Similarly tj> is 
the greatest pressure which the prism 
a^ba^ can exert. Now draw the curve 
t^t^t^y etc., and a vertical tangent inter- 
secting the parallel to the surface through 
b VLt t'y then is tb the greatest pressure 
which the earth can exert against ba . 
This greatest pressure is exerted approxi- 
mately by the prism or wedge of earth 
cut off by the plane ba^y for the pressure 
which it exerts against the vertical plane 
through b is almost exactly b^t^=bt. 
This IS Coulomb's " wedge of maximum 
thrust" correctly obtained: previous de- 
terminations of it have been erroneous 
when the ground surface was not level, 
for in that case the direction of the press- 
ure has not been ordinarily assumed to 
be parallel to the ground surface. 

In case the ground surface is level the 
wedge of maximum thrust will always 
be cut off by a plane bisecting the angle 
cbc^y as may be shown analytically, whach 
fact will simplify the construction of that 
case, and enable us to dispense with 
drawing the thrust curve tt. 

The pressure tb is to be applied at ky 
and may tend either to overturn the wall 
or to cause it to slide. 

In order to discuss the stability of the 
wall under this pressure, let us find the 
weight of the wall and of the prism of 
earth aba^. Let us assume that the 
specific gravity of the masonry compos- 
ing the wall is twice that of earth. 
Make a'h=bb'y then the area dbb'a'=^ 
abh=abh/y and if ah^=2ahy then ah 
represents the weight of the wall reduced 
to the same scale as the prisms of earth 
before used. Since aa^ is the weight of 
ffba^y aji^ is the weight of the mass on 
the right of the vertical ba^ against 
which the pressure is exerted. 

Make bq=-aji^y and draw tq, which 
then represents the direction and amount 
of the resultant to be applied at o where 
the resultant pressure applied at k inter- 
sects the vertical gw through the center 
of gravity g of the mass aaJbVa'. The 
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center of gravity g is constructed in the \ wall will sustain without sliding up some 
following manner. Lay off a7i=W, and I plane such as h'a^ or h'a'^ etc. The 
l\—aa*\ and join hi. Join also the mid- ; difference in the two cases is that in the 
die points of ab and a'h'\ the line so former case friction hindered the earth 
drawn intersects KL at /jr, the center of from sliding down, while it now hinders 
gravity of aa'Vi, Find also the center it from sliding up the plane on which it 
of gravity g^^ of aha^^ which lies at the \ rests. 

intersection of a line parallel to a^/j,, and j Lay off cV/=e€„; then taking any 
cutting ha^ at a distance of \ ba^ from a,, i points a^a^^ etc. on the ground surface, 
and of a line from h bisecting aa„. i make e/6/=o„V/, <^j/63'=<'/c*g', etc. 
Through g^ and g^ draw parallels, and Lay off h'b^^=:a^'a^\ etc., and drawing 
hjo^g^f^ a,lldg^/^ on them proportional , parallels through ^/, b^\ etc., we obtain 
to the weights applied at g^ and g^ i the thrust curve t^'t/, etc. 
respectively. We have found it con- i The small prism of earth between b^a/ 
venient to make g^f ^=h^iK^ and g^f„=.^ \ and the wall adds to the stability of the 
(w^. Then/*j/, divides g^g^ inversely as | wall, and can be made to enter the con- 
the applied weights; and g^ the point of ; struction if desired, in the same manner 
intergection, is the required center of as did aba^. 

gravity. The vertical tangent through s' shows 

Let or be parallel to tq ; since it us that the earth in front of the wall can 
intersects bV so far within the base, withstand a thrust having a horizontal 
the wall has sufficient stability against \ component b's' measured on a scale such 
overturning. The base of the wall is so ; that b'b^'=a^^a^' is the weight of the 
much greater than is necessary for the , prism of earth a^'Va^. 
support of the weight resting upon it, This scale is different from that used 
that engineers have not found it neces- \ on the left. To reduce them to the 
sary that the resultant pressure should same scale lay off from b\ the distances 
intersect the base within the middle third b'd^ and b'dj proportional to the perpen- 
of the joint. The practice of English en- diculars from b on aa^ and b' on a/a/ 
gineers, as stated by Rankine, is to per- respectively. In the case before us, as 
mit this intersection to approach as near . the ground surfaces are parallel, we have 
V as ^b\ while French engineers permit , made b'd^=ba^ and b^d/=b^a^\ 



It to approach as near as ^b' only. In 
*11 cases of buttresses, piers, chimneys, 
or other structures which call into play 
wme fraction of the ultimate strength 



Then from any convenient point on 
b^b/y as V, draw vd^ and vd/: these lines 
will reduce from one scale to the other. 
We find then that x'd is the thrust on 



of the material, or ultimate resistance of J the scale at the left corresponding to 
the foundation as great as one tenth, or ' ac;?=5V on the right: i.e., the earth 
one fifteenth, the point should not ap- under the surface assumed at the right 
preach b' nearer than ^ bb\ . can withstand something over one fourth 



Again, let the angle of friction be- 
^een the wall and the earth under it be 
^' then in order that the thrust at k 



of the thrust sb at the left. 

It will be found that a certain small 
portion of the earth near a/ has a thrust 



^^y not cause the wall to slide, the | curve on the left of b\ but as it is not 
^^e wor must be less than ^^ , needed in our solution it is omitted. 

•^ hen, however, the angle ^Ms less than ' If any pressure is required in pounds, 
*f^''\tbecome8 necessary to gain additional as for example sb, it is founds as follows: 
»tiat>iii|;y jjy gomc means, as for example — the length of a\ is to that of sb as the 
^y ^^ntinuing the wall below the sur- weight of bb'aa' in lbs. is to the pressure 

sb in lbs. 

Frequently the ground surface is not a 
plane, and when this is the case it often 



"j oontinuing the wall below the sur- 
*aco of the ground lying in front of it. 

\ Q/a/ be the surface of the ground 

^hioh is to afford a jxt^sive resistance to ^ , ^ .~ . .« 

^"^ thrust of the wall: then in a manner consists of two planes as ad, da^ Fig. 16. 
pT^cisely analogous to that just employed In that case, draw some convenient line 
^^J' "finding the greatest active pressure as <rc/„ and lay off (f(/„ d^d^, etc. at will, 

"^^ich earth can exert against a vertical 

plane, we now find the least passive 

P^saure which the earth in front of the 



which for convenience we have made 
equal. Draw f?,a„ d^a^, etc. parallel to 
bdy and join ba^, ba^, etc. : then are the 



I*. 
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triangles bda, bda^y hda^, hda^^ etc. pro- 
portional in area to the lines ca, ca^, etc. 
Hence the weights of the prisms of earth 
baa^, baa^y etc., are proportional to ad^^ 
dd y etc. 

In case ab slopes backward the part of 
the wall at the left of the vertical ba^ 
rests upon the earth below it sufficiently 
to produce the same pressure which 
would be produced if baa^ were a prism 
of earth. The weights of the wedges 
which produce pressures, and which are 
to be laid off below ^, are then propor- 
tional to dd^=bb^y d^d^=bby etc. The 
direction or the pressures of the prisms 
at the right of bd are parallel to ad\ but 
upon taking a larger prism the direction 
may be assumed to be parallel to a^a^y 
«o^4> ®^C'> which is very approximately 
correct. Now draw 5,^, || a^a^y bjt || a^a^ 
etc.; and complete the construction for 
pressure precisely as in Fig. 15, using 
for resultant pressure the direction and 
amount of that due to the wedge of maxi- 
mum pressure thus obtained. 

In finding the stability of the wall, it 
will be necessary to find the weight and 
center of gravity of the wall itself, minus 
a prism of earth baa^y instead of plus this 
prism as in Fig. 15; for it is now sus- 
tained by the earth back of the wall. 

When the back of the wall has any 



other form than that above treated, the 
vertical plane against which the pressure 
is determined should still pass through 
the lower back edge of the wall. 

In case the wall is found to be likely 
to slide upon its foundations when these 
are level, a sloping foundation is fre- 
quently employed, such that it shall be 
nearly perpendicular to the resultant pres- 
sure upon the base of the walL The con- 
struction employed in Fig. 15 applies 
equally to this case. 

The investigation of the stability of 
any abutment, buttress, or pier, against 
overturning and against sliding, is the 
same as that of the retaining wall in Fig. 
15. As soon as the amount, direction, 
and point of application, of the pressure 
exerted against such a structure is deter- 
mined, it is to be treated precisely as 
was the resultant pressure kp in 'Fig, 15. 

In the case of a reservoir wall or dam, 
the construction is simplified from the 
fact that, since the surface of water is 
level and the angle of friction vanishes, 
the resultant pressure is perpendicular 
to the surface upon which the water 
presses. It is useful to examine this as 
a case of our previous construction. In 
Fig. 17, let abV be the cross-section of 
the dam; then the wedge of maximum 
pressure against ba^ is cut off by the 
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plane ba^ when c5a,=45^ 
cba^ as before stated. 



i.e, ha, bisects 




load which it sustains. Now consider a 
vertical plane of one unit in height, say, 
as hb^ ; and determine the resultant press- 
ure against it on the supposition that 
the pressure is produced by a depth of 
earth at the right of it, sufficient to pro- 
duce the same vertical pressure on bb' 
which the wall and its load do actually 
This produces a horizontal resultant \ produce. In other words wo suppose 
pressure at k equal to the weight of the ! the wall and load replaced by a bans of 
wedge. Now the total pressure on ah is j earth having its upper surface horizontal 
the resultant of this pressure, and the ! and weighing the same as the wall and 
weight of the wedge aba^. The forces load. Call the upper surface z^ and find 
to be compounded are then proportional the pressure against the vertical plane zb 
to the lines aja^=^u^ and aa„. By si mi- due to the earth under the given level 
larky of triangles it is seen that ro the surface; similarly, find the pressure 

against :e5j. The surface being level, the 



resultant is perpendicular to ab. 
It is seen that by making the inclina- 



maximum pressure, as previously stated 



tion of ab small, the direction of ro can will be due to a wedge cut off by a plane 
be made so nearly vertical that the dam . bisecting the angle between bz and a 
will be retained in place by the pressure plane drawn from b at the inclinatian ^, 
of the water alone, even though the dam of the limiting angle of friction. This 
be a wooden frame, whose weight may be enables us to find the horizontal pres- 
disregarded. | sures against zb and zb^ directly: their 

Wo can now construct the actual j difference is the resultant active pressure 
pressures to which the arch of a tunnel | against bb^, 

surcharged with water or earth is sub- Next, it must be determined what pas- 
jected. Suppose, for example, we wish sive pressure the earth at the left of bb^ 
to find the pressure of such a surcharge , can support. The passive resistance of 
on the voussoir a^d^d^a^ Fig. 14. Find I the earth under the surface a against 
the resultant pressure against a vertical | the plane ab as well as that against the 
plane extending from d^ to the upper ; plane ab^ can be found exactly as that 
surface of the surface and call it p^. \ was previously found under the surface 
Draw a horizontal through d^ and a'. The difference of these resistances is 
let its intersection with the vertical the resistance which it is possible for bb^ 
jwt mentioned he called <?/. Find to support. Indeed bb^ could support 
the resultant pressure against the verti- this pressure and afford this resistance 
«il plane extending from dj to the sur- even if the active pressure against ab 
face, and call it ji>/. Now let />/= were, at the limit of its resistance, which 
/>,-p/and let it be applied at such a point it is not. The limiting resistance which 
of (?^(?^' that ;>j shall be the resultant of ^Y ' ^^ thus obtained, is then so far within 
and p^\ Then will the resultant press ' *^" ^■""^* 



the limits of stability, that ordinarily, no 
further factor of safety is needed, and 
the stability of the foundation is secured, 
if the active pressure against bb does not 
exceed the passive resistance. This con- 
struction should be made on the basis of 
the smallest angle of friction ^ which 
the earth assumes when wet; that being 
smaller than for dry earth, and hence 
giving a greater active pressure at the 
right, and a less resistance at the left. 

CHAPTER XV. 

SPHERICAL DOME OF METAL. 



^re against the voussoir be the resultant 
0^'/ and the weight of that part of the 
surcharge directly above it. 

FOUNDATIONS IX EAKTH. 

A method similar to that employed in 
^he determination of the pressure of 
€anh against a retaining wall, or a tunnel 
jrchj enables us to investigate the sta- 
bility of the foundations of a wall stand- 
iiig m earth. 

. Suppose in Fig. 15 that the wall abb' a' 
^ * foundation wall, and that the press- 
ure which it exerts upon the plane bb' ' The dome which will be treated in the 
IS Vertical, being due to its own weight j following construction is hemispherical 
^dthe weight of the building or other ! in shape; but the proposed construction 
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applies eqoally to domes of any different 
form generated by the revolution of the 
arc of some cuire about a vertical axis : 
such forms are elliptic, parabolic or by- 
perbolio domes, as well as pointed or 
gotkic domes, etc. Let the quadrant aa 
in Fig. 18, represent the part of the 
meridian section of a thin metallic dome 
between the crown and the springing 
circle. The metallic dome is supposed 
to be so thin that its thickness need not 
be represented in the l''igure : the thick- 
ness of a dome of masonry, however, is a 
matter of prime importance and will be 
treated subsequently. 

In a thin metallic dome the only thrcst 
along a meridian section is necessarily 
in a direction tangent to that section at 
each point of it. This consideration will 
enable ue to determine this thrust as well 



SPHERICAL DOME 

fig- 



as the hoop tension or compression along 
any of the conical rings into which the 
dome may be supposed to be divided 
by a series of horizontal planes. 

Let the height ab of the dome be 
divided into any number of parts, which 
we have in this case, for convenience, 
made equal. Let these equal parts of the 
typet^ubethe distances between horizon- 
tal planes such that the planes throngh 
thepointstf , <?„ etc., cut small circles from 
the hemisphere which pass through the 
point a,, a„ etc., and similarly the planes 
through u„ u„ etc., cat small circles which 
pass through ^„ ff„ etc. Now suppose the 
thickness of this dome to be uniform, 
and if ab be taken to represent the weight 
of a quadrantal lune of the dome inclnded 
between two meridian planes making 
some small angle with each other; then 
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from the well-known expression for the 
treaof the zone of a sphere it appears that 
ad^ will represent the weight of that 
part of the lune above a^d^. Similarly 
au is the weight of the lune a^,; 
a(Lthe weight of aa„ etc. 

This method of obtaining the weight 
applies of coarse in case the dome is any 

Zent of a sphere less than a hemi- 
"e and of uniform thickness. If the 
thickness increases from the crown, the 
weights of the zones cut by equi-distant 
horizontal planes increase directly as the 
thickness. In case the dome is not 
spherical the weights must be determin- 
ed by some process suited to the form of 
the dome and its variation in thickness. 

Now the weight of the lune aa^ is sus- 
tained by a horizontal thrust which is 
the resultant of the horizontal pressures 
in the meridian planes by which it is 
hounded, and by a thrust, as before re- 
nuirked, in the direction of the tangent 
•t a. Draw a horizontal line through d^„ 
^d through a a parallel to the tangent 
•ta: these intersect at ^„ then is ad^8^ 
'he triangle of forces which hold in 
^uilibrium the lune aa,. Similarly, 
?^i^i is the triangle of forces holding the 
^^ne ag^ in equilibrium, etc. Draw a 
curve 9l through the points thus determ- 
^^d. This curve is a well-known cubic 
^hich when referred to ha as the axis of 
^ ^nd hg^ as that of y has for its equa- 









^ l)eing traced at the right of a it has 
jji ^lie other quadrant of the dome a part 
j^ ^^ that here drawn forming a loop ; it 
^^^^es through h at an inclination of 45° 
j^ ^ the two branches below h finally 
^^^c>me tangent to a horizontal line 
^^'^Avn tangent to the circle aa of the 
l^^^^e. The curve has this remarkable 
^^'^^perty : — If any line be drawn from a, 
^y^^Xing the curve here drawn and, also, 
^r^ part below hg^^ the product of these 
,j^"^ radii vectores of the curve from the 
^^le a is constant, and the locus of the 
^^«rsection of the normals at these two 
^^^ints is a parabola. 
^^ X)raw a vertical tangent to this curve : 
tu^ point of contact is very near <„ and g^^ 
^^ corresponding point of the dome is 
^*tnost 62° from the crown a. A determi- 
nation of this maximum point by means 



of the equation gives the height of it 
above 6 as J (Vs""^) ^> corresponding to 
about 5 1 °49'. Now consider any zone, as, 
for example, that whose meridian section 
is g^a^ : the upper edge is subjected to a 
thrust whose radial horizontal compo- 
nent is proportional to u^^^ while the 
horizontal thrust against its lower edge 
is proportional to £?,«„ and the difference 
8^^ between these radial forces produces 
a hoop compression around the zone pro- 
portional to 8^^, It will be seen that 
these differences which are of the type 
8x or ty^ change sign at t . Hence all 
parts of the dome above 51 49' from the 
crown, are subjected to a hoop compres- 
sion which vanishes at that distance from 
a, while all parts of the dome below 
this are subjected to hoop tension. This 
may be stated by saying that a thin 
dome of masonry would be stable under 
hoop compression as far as 51^ 49' from 
the crown, but unstable below that, being 
liable to crack open along its meridian 
sections. A thick dome of masonry, 
however, does not have the resultant 
thrust at every point of its meridian 
section in a direction which is tangential 
to its surface, — this will be discussed 
later. 

It is necessary to determine the actual 
hoop tension or compression in any ring 
in order to determine the thickness of 
the dome such that the metal may not 
be subjected to too severe a stress. 

The rule for obtaining hoop tension 
(we shall use the word tension to in- 
clude both tension and compression) is : 
Multiply the intensity of the radial 
pressure by the radius of the hoop, the 
product is the tension at any meridian 
section of the hoop. The correctness of 
this rule appears at once from considera- 
tion of fluid pressure in a tube, in which 
it is seen that the tensions at the two ex- 
tremities of a diameter prevent the total 
pressure on that diameter from tearing 
the tube asunder. 

Now in the case before us t^y^ is the 
radial force distributed along a certain 
lune. The number of degrees of which 
the lune consists is at present undeterm- 
ined : let it be determined on the suppo- 
sition that it shall be such a number of 
degrees as to cause that the total radial 
force against it shall be equal to the 
hoop tension. Call the total radial force 
P and the hoop tension T^ then the lune 
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is to be such that P=: T. Also let 6 be 
the number of degrees in the lune, then 
9O^-f-0 is the number of lunes in a quarter 
of the dome, and 90 P-r-d is the radial 
force against a quarter of the dome, 
which last must be divided by J;r to ob- 
tain the hoop tension; because li p is the 
intensity of radial pressure, irrrp is the 
total pressure against a quadrant and rp, 
as previously stated, is the hoop tension. 
The ratio of these is -J^r, and by this we 
must divide the total radial pressure in 
every case to obtain hoop tension 



180P_ 
for F= T 






n 
0=57^3— 



This IS the number of degrees of which 
the lune must consist in order that when 
ah represents its weight, t^y^ shall rep- 
resent the hoop tension in the meridian 
section a,^,. The expression we have 
found is independent of the radius of the 
ring, and hence holds for any other ring 
as i/i«„, in which «,«, is the hoop tension, 
etc. To find what fraction this lune is 
of the whole dome, divide Q by 360^ 



e 



180 1 4 

.=;r::=;^nearly, 



360 360;r In 25 

from which the scale of weight is easily 
found, thus; let TFbe the total weight 
of the dome and r its radius, then 

2nr \ TF; ;i : w, the weight per unit, or 
the hoop tension per unit of the distances 
ty or sx. 

Distances at or a^, on the same scale, 
represent the thrust tangential to the 
dome in the direction of the meridian 
sections, and uniformly distributed over 
an arc of 5 7°. 3— : e,g, if we divide at^ 
measured as a force by 6^ X u^^ measured 
as a distance we shall obtain the intensi- 
ty of the meridian compression at the 
joint cut from the dome by the horizon- 
tal plane through a,. 

Analogous constructions hold for 
domes not spherical and not of uniform 
thickness. Approximate results may be 
obtained by assuming a spherical dome, 
or a series of spherical zones approxi- 
mating in shape to the form which it is 
desired to treat. 



CHAPTER XVI. 

SPHBBICAL DOMB OF MASONRY. 

Let the dome treated be that in Fig. 
18 in which the uniform thickness of the 
masonry is one-sixteenth of the internal 
diameter or one-eighth of the radius of 
the intrados. Divide ah the radius of 
the center line into any convenient num- 
ber of equal parts, say eight, at w„ w„ 
etc.: a much larger number would be 
preferable in actual construction. At 
the points a„ a„ etc., on the same levels 
with Wj, w„ etc. pass conical joints nor- 
mal to the dome, so that h is the vertex 
of each of the cones. 

If we consider a lune between meridian 
planes making a small angle with each 
other, the center of gravity of the parts 
of the lune between the conical joints lie 
at (7,, ^2, etc. on the horizontal midway 
between the previous horizontals. These 
points are not exactly upon the central 
line aa, but if the number of horizontals 
is large, the difference is inappreciable. 
We assume them upon aa. That they 
fall upon the horizontals through d^^ </„ 
etc., midway between those through w^, 
?^j, etc., is a consequence of the equality 
in area between spherical zones of the 
same height. 

In finding the volume of a sphere it 
may be considered that we take the sum 
of a series of elementary cones whose 
bases form the surface of the sphere, and 
whose height is the radius. Hence, if 
any equal portions of the surface of a 
sphere be taken and sectorial solids be 
formed on them as bases and having 
their vertices at the center, then the 
sectorial solids have equal volumes. 
The lunes of which we treat are equal 
fractions of such equal solids. 

Draw the verticals of the type hg 
through the centers of gravity ^„ ^„ etc. 
The weights applied at these points are 
equal and may be represented by aw^, 
u^^^=iw^w^^ etc. Use a as the pole and 
w^^ as the weight line; and, beginning 
at the point /g, draw the equilibrium 
polygon c due to the weights. 

We have used for pole distance the 
greatest horizontal thrust which it is 
possible for any segment of the dome to 
exert upon the part below it, when the 
hoop compression extends to 61^ 49' 
from the crown. 

Below the point where the compression 
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yanishes we shall not assume that the 
bond of the masonry is such that it can 
resist the hoop tension which is develop- 
ed. The upper part of the dome will be 
then carried by the parts of the lunes 
below this point by their united action 
as a series of masonry arches standing 
side by side. 

Now it is seen that the curve of equi- 
librium Cf drawn with this assumed hori- 
zontal thrust falls within the curve of the 
Inne, which signifies that the dome will 
not exert so great a thrust as that as- 
sumed. By the principle of least resist- 
ance, no greater horizontal thrust will 
be called into action than is necessary to 
cause the dome to stand, if stability is 
possible. If a less thrust than that just 
employed be all that is developed in the 
<Jome, then the point where the hoop 
^^onipression vanishes is not so far as 51° 
^^' from the croWn, and a longer portion 
of the lune acts as an arch, than has been 
•opposed by previous writers on this 
subject,* none of whom, so far as known, 
".*ve given a correct process for the solu- 
^on of the problem, although the results 
^'''Jved at have been somewhat approxi- 
mately correct. 

T'o ensure stability, the equilibrium 
curv^^ must be inscribed within the inner 
thir<i of that part of the meridian section 
of thfc e lune which is to act as an arch ; as 
*PP^«rs from the same reasons which 
^6^^ stated in connection with arches of 
masonry. 

A^nd, further, the hoop compression 
'^ll vanish at that level of the dome 
"'^h^xe the equilibrium curve, in departing 
fro in the crown, first becomes more 
ne^^]y vertical than the tangent of the 
nae radian section; for above that point 
the greatest thrust that the dome can 
exert, cannot be so great as at this point 
where the thrust of the arch-lune is equal 
^^^t of the dome, 
^^^ow to determine in what ratio the 
^T^i^ates of the curve c must be elongat- 
®" to give those of the curve e which 
K -^® the required conditions, we draw 
J^^ Une/o, and cut it at />„ /)„ etc. by 
^r^ horizontals m, jo„ m^p^, etc., the quan- 
tities fnif being the ordinates of exterior 
fK ^^^ inner third. Again draw verticals 
tuf o\jgh p^^ p^^ etc., and cut them at g„ 

A>^?^ a paper read before the Hoyal IdbI. of British 

. vSw Hecta, '*on the Mathematical Theory of Domes,'' 

CLC ^% ^^^^* ^^ Admand Beckett Denison, L.L.D., 



q^j ?i> etc. by horizontals through c„ c„ 
C3, etc. Through these points araw the 
curve qqy whose ordinates are of the type 
qh. Some one of these ordinates is to 
be elongated to its corresponding ph^ 
and in such a manner that no qh shall 
then become longer than its correspond- 
ing ph. To effect this, draw oq^ tangent 
to the curve qq\ then will oq^ enable us 
to effect the required elongation: e.g. let 
the horizontal through c^ cut oq^ at y^, 
and then the vertical through j cuts/b 
at i^y then is e^ (which is on the same 
level with ij the new position of c^. 
Similarly, we may find the remaining 
points of the curve 6; but it is better to 
determine the new pole distance, and use 
this method as a test only. 

The curve qq made use of in this con- 
struction for finding the ratio lines for 
so elongating the ordinates of the curve 
0, that the new ordinates phall be those 
of a curve e tangent to the exterior line 
of the inner third, may be applied with 
equal facility to the construction for the 
arch of masonry. This furnishes us with 
a direct method in place of the tentative 
one employed in connection with Fig. 
14. 

To find the new pole distance, draw 
fj II ^S'a cutting WW at 7, then will i the 
intersection of the horizontal through /, 
be the new position of the weight line vVy 
having its pole distance from a diminish- 
ed in the required ratio. 

The equilibrium curve e will be parallel 
to the curve of the dome at the points 
where the new weight line vv cuts the 
curve St. It should be noticed that the 
pole distance which we have now determ- 
ined is still a little too large because 
the polygon e is circumscribed about 
the true equilibrium curve; and as the 
polygon has an angle in the limiting 
curve mm the equilibrium curve is 
not yet high enough to be tangent to the 
limiting curve. If the number of divi- 
sions had originally been larger (which 
the size of our Figure did not permit) 
this matter would be rectified. 

The polygon e is seen at e^ to fall just 
without the require^ limits, this would 
be partly rectified by slightly decreasing 
the pole distance as just suggested; the 
point, however, would still remain just 
without the limit^ after the pole distance 
is decreased, and by so much is the dome 
unstable. A dome of which the thick- 
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ness is one fifteenth of the internal dia- 
meter, is almost exactly stable. 

It is a remarkable fact that a semi- 
cylindrical arch of uniform thickness and 
without surcharge must be almost exact- 
ly three times as thick, viz., the thickness 
must be about one fifth the span in order 
that it may be possible to inscribe the 
equilibrium curve within the inner third. 

The only large hemispherical dome, of 
which I have the dimensions, which is 
thick enough to be perfectly stable with- 
out extraneous aid such as hoops or ties, 
is the Gol. Goomuz at Beejapore, India. 
It has an internal diameter of 137^ feet, 
and a thickness of 10 feet, it being 
slightly thicker than necessary, but it 
probably carries a load upon the crown 
which requires the additional thickness. 

The hemispherical dome of uniform 
thickness is a very faulty arrangement 
of material. It is only necessary to 
make the dome so light and thin for 51^ 
40' from the crown that it cannot exert 
so great a horizontal thrust as do the 
thicker lunes below, to take complete ad- 
vantage of the real strength of this form 
of structure. A dome whose thickness 
gradually decreases toward the crown 
takes a partial advantage of this, but 
nothing short of a quite sudden change 
near this point appears to be completely 
effective. 

The necessary thickness to withstand 
the hoop compression and the meridian 
thrust can be found as previously shown 
in the dome of metal. 

Domes are usually crowned with a 
lantern or pinnacle, whose weight must 
be first laid off below the pole a after 
having been reduced to the same unit 
as that of the zones of the dome. 

Likewise when there is an eye, at the 
crown or below, the weight of the mate- 
rial necessary to fill the eye must be sub- 
tracted, so that a is then to be placed 
below its present position. The construc- 
tion is then to be completed in the same 
manner as in Fig, 1 8. 

It is at once seen that the effect of an 
additional weight, as of a lantern, at the 
crown, since it moves the point a upward 
a certain distance, *will be to cause the 
curve 8t to have all its points except b to 
the left of their present position, and 
especially the points in the upper part of 
the curve, thus making the point of no 
hoop tension much nearer the crown than 



in the metallic dome. It will be noticed 
th^t the addition of very small weight at 
the crown will cause the point m, of no 
hoop tension in the dome of masonry to 
approach almost to the crown, so that 
then the lunes will act entirely as stone 
arches with the exception of a very small 
segment at the crown. 

On the contrary, the removal of a seg- 
ment at the crown, or the decrease of the 
thickness, or any device for making the 
upper part of the dome lighter will re- 
move the point of no hoop tension further 
from the crown, both for the dome of 
metal and of masonry. In any dome of 
masonry the thickness above the point 
of no hoop tension, as determined by the 
curve 8t^ need be only such as to with- 
stand the two compressions to which it 
is subjected, viz; hoop compression and 
meridian compression: while below that 
the lunes acting as arches must be thick 
enough to cause a horizontal thrust equal 
to the maximum radial thrust of the 
dome above the point of no hoop ten- 
sion. 

Several large domes are constructed of 
more than one shell, to give increased 
security to the tall lanterns surmounting 
them : St. Peter's, at Rome, is double, 
and the Pantheon, at Paris, is triple. 
The different shells should all spring 
from the same thick zone below the 
point of no hoop tension; and the lunes 
of this thick zone should be able to 
afford a horizontal thrust equal to the 
sum of the radial thrusts of all the 
shells standing upon it. 

Attention to this will secure the sta- 
bility in itself of any dome of masonry 
spherical or otherwise; and, though I 
here offer no proof of the assertion, I am 
led to believe that this is the solution of 
the problem of constructing the dome of 
a minimum weight of material, on the 
supposition that the meridian joints can 
afford no resistance to hoop tension. 

Now, in fact, it is a common device to 
ensure the stability of large domes by 
encircling them with iron hoops or 
chains, or by embedding ties in the ma- 
sonry; and this case appears to be of 
sufficient importance to demand our at- 
tention. 

If the hoop encircles the dome at 61® 
49' or any other less distance from the 
crown the dome will be a true dome at 
all points above the hoop. Suppose the 
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'hoop to be at 51** 49', then the curve e 
shoald, below that point, be made to 
pass through the points /, and j\^ from 
which it is seen that the dome may be 
made thinner than at present, and the 
horizontal thrust caused will be less. 
The tension of the hoop would be that 
due to a radial thrust which is the dif- 
ference between that given by the curve 
«^ for this point and the horizontal thrust 
(pole distance) of the polygon e when it 
passes through /j and/^. That the curve 
c passes through these last mentioned 
points is a consequence of the principle 
of least resistance. 

Again, suppose another hoop encircles 
the dome at /j the curve e must pass 
through /g and/j, and in this part of the 
lune will have a corresponding horizon- 
tal thrust. The curve e must also pass 
through /^ an^/s, but in this part of the 
lune will have a horizontal thrust cor- 
responding to it, differing from that in 
the part between f^ and f^ : indeed the 
horizontal thrust in the segment of a 
dome above any hoop depends exclusive- 
ly upon that segment and and is unaf- 
fected by the zone below the hoop. The 
Vision sustained by the hoop is, how- 
^jj^cr, due to the radial force, which is 
the difference of. the horizontal thrusts 

P^ the zones above and below the 
'loop. 

I ^t ig seen that the introduction of a 

^^^nd hoop will still further diminish 

.® thickness of lune necessary to sus- 

^^ tihe dome, unless indeed the thick- 

''^^ is required to sustain the meridian 

^^^pression. 

y. ^^d a single hoop been introduced at 
^J ^^ith none above that point, the dome 
^^^^^/% should then be investigated, just 
., ^-^ the springing circle was situated at 
, ^^ point. The curve e must then start 
^^"^ y^, as it before did from /*^, and be 
e to become tangent to the limit- 
«urve at some point between y^ and 
<jrowii. 

y the method here employed for 

mg the tension of a hoop it is possi- 

to discuss at once the stresses in- 

€d in the important modern domes 

structed with rings and ribs of metal 

1 ^ having the intermediate panels 

^^'^^d with glass. 

^On introducing a large number of 

^ ^ at small distances from each other, 

"will be seen that the discussion just 
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given leads to the method previously 
given for the dome of metal. 

The dome of St. Paul's, London, is one 
which has excited much adverse criticism 
by reason of the novel means employed 
to overcome the difficulties inherent in so 
large a dome at so great a height above 
the foundations of the building. The 
exterior dome consists of a framework of 
oak sustained by conical dome of brick 
which forms the core. There is also a 
parabolic brick dome under the cone 
which forms no essential part of the sys- 
tem. Since the conical dome in general 
presents some peculiarities worthy of 
notice we will give an investigation of 
thai form of structure as our concluding 
construction. 

CHAPTER XVn. 

CONICAL DOME OF METAL. 

In Fig. 1 9, let bd be the axis of the 
frustum of a metallic cone cut by a ver- 
tical plane in the meridian section a. 
The cone is supposed to have a uniform 
thickness too small to be regarded in 
comparison with its other dimensions. 
Suppose the frustum to be cut by a series 
of equi-distant horizontal planes as at ^j, 
<7„ etc., into a series of frustra or rings : 
then the weight of each ring is propor- 
tional to its convex surface. The convex 
surface of any ring=2;rrX slant height; 
when r is half the sum of the radii of the 
two bases, i.e., r is the mean radius. 
Consequently, the weights of these 
rings, or any given fraction of them in- 
cluded between two meridian planes, is 
proportional to their mean radii. Let us 
draw these mean radii ^,«j, ^A* etc., be- 
tween the horizontals through (/^^g^^ etc., 
and use some convenient fraction, say ^, 
of these quantities of the type d(i as the 
weights. The line ii cuts off ^ of each 
of these : then lay off du=dj.^ as the 
weight of the ring «^„ lay off u^u^=i 
dj^^y ^a^^=^^8*3» ®tc., as the weights of 
the rings g^g^, g^g^, etc. 

Draw the line dt \\ r/a, it corresponds 
to the curve st of Fig. 18; then the 
quantities of the type txi represent the 
horizontal radial thrust which the cone 
exerts upon the part below it, while the 
radial thrust borne by any ring is the 
difference between two successive quanti- 
ties of the type tUy i.e.j the radial thrust 
in the ring g^g^ is represented by ^^y,, 
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that in g^^ by t,y„ etc. Ao previously 
shown in connection with the spherical 
dome, if the scale of weights be such 
that rfw, represents a part of the cone 
between two meridian planes which make 
an angle of '9=180° -^ff^ST^.S—, then 
■"'" '.y.i ',y, etc., be the total hoop com- 
pression of the corresponding rings of 
the cone. It is to be noticed that this 
quantity does not change sign in the 
cone, and is always compression. 

The meridian compression is expressed, 
under the same circumstances by the 
quantities tft„ dt, etc. 

ISuuh a cone as this must be placed 
upon a cylindrical drum or other support 
which can exen a resistance in the direct- 
ion aa, but if this support is very 
slightly displaced by the horizontal radial 
thrust, a hoop tension will be induced at 
the base of the cone. As this displace- 
ment is very likely to occur it is far bet- 
ter to have the base of the cone sufficient- 
ly strong to withstand this tension, 
which is (,«, when rfw, is the weight of 
67 .3 : then the supports will sustain a 
vertical force alone. 

This discussion applies equally well to 



a cone formed of a network of rings and 
inclined posts with intermediate panels 
of glass or other material. 

CONICAL DOME OF MASONRY, 

Let ns assume that the uniform hori- 
zontal thickneas of the dome to be 

treated, is one sixteenth of the internal 
diameter of the base, or one eighth of 
the internal radius, aw shown in Fig. 19. 
The actual thickness is less tlian this, but 
since the horisonta! thickness is a con- 
venient quantity, we shall call it the 
thickness unless otherwise specified. 

Pass equidistant horizontal planes aa 
previously stated: then the volumes of 
these rings may be found by the pris- 
moidal formula. The volume 

" + 4(r>_r")-fr,'-»-,"], 



in which A is the height of the ring, r 
and r,' are the radii external and internal 
of one base, r, and r' of the other, and r 
r' of the middle section. Now 
»-/=r— r'=r,— r,'=( the thickness 
of the cone; and 
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.*. Volume = 7rht{r-\-r')=27rhtr 

when ^ (r-\-r')=r the mean radius of the 
middle section. From this it is seen 
that the weights vary in the same man- 
ner, and are represented by the same 
quantities as previously stated in case of 
a thin cone. Assume that the centers 
of gravity of any thin lunes cut from 
these nngs by meridian planes making a 
small angle with each other, are at the 
niiddle points a^, a,, etc., this assumption 
18 sufficiently exact for the part of the 
cone near the base, which we are now 
specially to investigate. 

By means of the weights %c^io^ = u^u^^ 
^tc., at some assumed distance from the 
pole <:/, describe the equilibrium polygon 
<^, starting from n at the inner third of 
the base. 

Now if the cone stands upon a drum 
'^bich necessarily exerts a sufficient radi- 
al thrust to keep the meridian joints of 
the cone closed down to the base, then 
all the circumstances will be precisely as 
before explained in respect to the metallic 
Corner but if the drum exerts a less radi- 
al thrust, the meridian joints will open 
near the base, and the conditions of sta- 
biJity of that part of the cone will need 
^o be investigated, as was done in the 
spherical dome of masonry, by consider- 
^$ the upper part of the dome as sus- 
^*jne<3 hy a series of stone arches. From 
/dra^yc, tangent to the curve c; then 
ffljjst; ^if^ })e elongated to mfi^ and the 
othej. ordinates of c must be elongated 
JJ^ tti^ same ratio in order that the equili- 
oriin^ir^ polygon may be tangent to the 
extej^ior limit fm; and, further, fm and 
•J^T' ^"ti^e the ratio lines by which to effect 
JjJ^ ^ongation. To find how much the 
tnnx^l; 18 diminished, draw through the 
J'^^^J'section of /m with bdy a line parallel 
»J^T intersecting the weight line at ?c, 
*j^^ then V the pomt where the horizontal 
*?^gh w intersects/;?! gives us the new 
P^^^^tion of the weight line, and its dis- 
an Ci^ from the pole d. This vertical in- 
. ^^^cts tt about midway between t^ and 
*1 ^Vius showing that the meridian joints 
, ^Vie cone will be open from the base to 
^ '^Vit the point g^» It is unnecessary to 
^^^ the equilibrium polygon in its new 
^^^ition. 

, ^^e thus obtain the least horizontal 
^Xist against which the dome can stand. 



The actual thrust which the drum exerts 
may have any value greater than this 
least thrust. 

It is seen that the effect of diminishing 
the thickness of the cone, is to carry 'the 
tangent point c, and the point of no com- 
pression nearer to the base. In other 
words the thin dome of masonry of given 
semi-vertical angle necessarily exerts a 
greater thrust in proportion to its weight 
than does a thick dome, though that 
proportion is unchanged if the joints 
are to remain closed all the way to the 
base. 

All of the circumstances respecting 
radial thrust above the point of no hoop 
compre8si6n, and respecting meridian 
thrust, are the same as in the metallic 
cone. 

Any additional loading above that of 
the wfeight of the cone itself, as for ex- 
ample, the weight of a lantern, or of an 
external dome, as in the case of St. Paul's, 
can be introduced and treated as an ad- 
ditional height or thickness of certain 
rings of the cone. The same method 
which has been here applied may be ap- 
plied to all such cases, if the weights be 
determined by some suitable process. 
For example, it may be shown by the 
help of the prismoidal formula, that the 
volume of the ring cut from a uniformly 
tapering cone by equidistant horizontal 
planes, varies as the product of the mean 
radius of the mid-section by the thick- 
ness at the mid-section. 

OTHER VAULTED STRUCTURES. 

Similar principles to those above devel- 
oped apply to domes with an elliptical or 
polygonal base, to domes wiiose meridian 
sections are ogee curves, to Skew Arches, 
to Groined Arches formed by the com- 
bination of cvlindrical arches, as well 
as to Groined Arches which are dome- 
shaped. 

By the application of the principles 
developed it is easy to treat the cone or 
dome which sustains the pressure of earth 
or water. Indeed, it is not too much to 
say that the complete solution of the 
problem of the stability of vaulted struc- 
tures has now been set forth for the first 
time, and that the proper connection and 
relationship between similar structures, 
in metal and masonry, may now be 
clearly seen. In particular, the discus- 
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sions have made manifest the applicabil- 
ity of a particular equilibrium polygon 
among the infinite number which are 
due to a given set of weights, and which 



are all projections of any one of them^ 
and the possibility of deriving from it in 
each of the structures treated, a complete 
and sufficiently exact solution. 
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All general processes * used in the 
graphical computation of statical prob- 
lems consist, in their last analysis, in a 
systematized application of the proposi- 
tion known as the ''parallelogram of 
forces," which states that if two forces 
^e applied to a material point, and if 
they be represented in magnitude and 
direction by two determinate straight 
fines, then their resultant is represented 
V? magnitude and direction by the 
^'agonal of a parallelogram, two of 
^hose sides are the just mentioned de- 
terminate lines. This is the basis of all 
grapbo-statical construction, but the 
Diet hods by, which it is systematized, and 
the auxiliary ideas incorporated in the 
Pf<?0€88e8, have so enlarged its possi- 
bilities of usefulness, that Graphical 
Statics may perhaps claim to be a science 
0* Heelf ; — the science of the geometrical 
treatment of force. 

*^n order to introduce to the public a 
"6^ set of auxiliary ideas, which shall 
institute a new method, of a character 
f^l'ially general with that now in use and 
*iiox^ as the "equilibrium polygon 
JJHhod,'' it has seemed best to give, in 
the fijgt place, a brief review of the prin- 
J}P*1 ideas already employed by the cul- 
"^^tors of this science. 

BECIPBOOAL FIQUBBS. 

^hen a framed structure, such as a 
^^f or bridge truss, is subjected to the 
•^tiou of cei'tain weights or forces, these 
applied forces form a system which is in 



equilibrium. Now any system of forces 
in equilibrium may be represented in 
maraitude and direction by the sides of 
a closed polygon, a fact which follows 
at once from the doctrine of the parallelo- 
gram of forces. Such a polygon is called 
the polygon of the applied forces. 

Again, the forces which act at any 
joint of a frame are in equilibrium, and 
hence there is a closed polygon of the 
forces acting at each joint. The forces 
which meet at a joint of a frame are the 
longitudinal tensions or compressions of 
the pieces meeting at that joint, together 
with any of the applied forces whose 
point of application may be the joint in 
question. Draw a diagram of the frame 
and the applied forces all of which we 
will suppose lie in a single plane. Gall 
this the "frame diagram:" it represents 
the position and direction of all the 
forces acting in and upon the frame. 
The frame diagram necessarily has at 
least three lines meeting at each joint. 
A piece which constitutes part of the 
frame does not necessarily have both 
its extremities attached at joints of the 
frame; one extremity may be firmly at- 
tached to any immovable object. The 
frame diagram is, therefore, not neces- 
sarily made up of closed figures. 

Now draw the closed polygon of the 
forces applied to the frame, and at each 
of the joints where forces are applied 
draw the closed polygon of the forces 
which meet at that joint, using so far as 
possible the lines already drawn as sides 
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of the new polygons, and at the same 
time draw polygons for the forces acting 
at each of the remaining joints. If this 
process be effected with care as to the 
order of procedure, as well as to the 
order in which the forces follow each 
other in the polygon of the applied 
forces, then the resulting " diagram of 
forces," which is formed of the combi- 
nation of the polygon of the applied 
forces with the polygons for each joint, 
will contain in it a single line and no 
more parallel to each line of the frame 
diagram. In that case the force dia- 
gram is said to be a reciprocal figure to 
the fram/e diagram. If sufficient care is 
not exercised in the particulars men- 
tioned some of the lines in the force 
diagram will have to be repeated, and 
the figure drawn will not be the recipro- 
cal of the frame diagram, nevertheless 
it will give a correct construction of the 
quantities sought. ' « 

If the frame diagram and the force 
diagram are both closed figures then 
they are mutually reciprocal. The 
properties of reciprocal figures were 
clearly set forth by Professor James 
Clerk Maxwell, in the Philosophical 



Magazine^ vol. 27, 1864; in which is 
stated, what is also evident from con- 
siderations already adduced above, thai 
mutually "reciprocal figures are me- 
chanically reciprocal; that is, either may 
be taken as representing a system of 
points (i.e. joints) and the other as rep- 
resenting the magnitudes of the forces 
acting between them." 

The subject has also been treated by 
Professor B. Cremona in a memoir en- 
titled "Le figure reciproche nelle statica 
grafica." Milan, 1872. 

We* shall now give examples of this 
method of computing the forces acting 
between the joints of a frame, together 
with certain extensions by which we are 
enabled to treat moving loads, etc. 
The method is correctly called "Clerk 
Maxwell's Method." The notation em- 
ployed, which is particularly suitable for 
the treatment of reciprocal diagrams, is 
due to R. H. Bow, C.E.; and is used by 
him in his work entiled "Economics of 
Construction." London, 1873. In this 
work will be found a very large number 
of frame and force diagrams drawn hy 
this method. 

Let the right hand part of Fig. I 




Fig.l. 
ROOF TRUSS 

TEMPERATURE STRESSES 



represent a roof truss having an in- 
clination of 30^ to the horizon, of 
which the lower chord is a polygon in- 
scribed in an arc of 60*" of a circle. If 
the lower extremities of the truss abut 
against immovable walls a change of 
temperature causes an horizontal force 
between these lower joints, the effect of 
which upon the different pieces of the 
truss is to be constructed. No other 
weights or forces are now considered 
except those due'^o this horizontal force. 



This force is considered thus apart froxx 
all others because it is a force betweei 
two joints, and must enable us to obtaii 
a pair of mutually reciprocal figures 
such as weights and other applied foroe^ 
seldom give. 

It is seen that the force between the» 
joints might be supposed to be causec 
by a tie joining these points; and ii 
general it maybe stated that the dia 
gram of forces due to any cambering o 
stress induced in a frame by " keying ^ 
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pieces, is mutually reciprocal to the 
frame diagram. 

Let any piece of the frame be denoted 
by the letters in the spaces on each side 
of it ; thus the pieces of the lower chord 
are ^o, qcy qe, etc.; and those of the 
upper chord are rb, rd^ etc., while ah^ be, 
etc., are pieces of the bracing, and qr is 
the tie whose tension produces the stress 
under consideration. 

Ill the force diagram upon the left, let 
qr represent, on some assumed scale of 
tons to the inch, the tension in the piece 
fr / and complete the triangle aqr with 
Its sides parallel to the pieces which con- 
verge to the joint aqr; then must this 
triangle represent the forces which are 
io equilibrium at that joint. Next, with 
<*r as one side, complete the triangle abr, 
^y making its sides parallel to the pieces 
meeting at the joint of the same name: — 
1^8 sides will represent the forces in 
equilibrium at that joint. In a similar 
nianiier we proceed from joint to joint, 
using the stresses already obtained in 
determining those at the successive 
joints. 

It is not possible to determine in 

general more than two unknown stresses 

^ passing to a new joint, unless aided 

^y some considerations of symmetry 

• wbieh may exist at such a joint as ghijq, 

N"ow from the left hand figure as a 

frame diagram, in which stresses are 

induced by causing tension in the tie qr, 

^^ can construct the right hand figure 

*8 a force diagram, but it must be noticed 

^ that case that rb, rh, rf, rd are sepa- 

!^.^^ and distinct pieces meeting at the 

joint r, although they all lie in the same 

'^ght line, and that the same is true 

along the line oikm. 

^Ue or two considerations of a general 
nature should be recalled in this con- 
°^^tion. 

, -^ polygon encloses the space q ; in 

•♦ Reciprocal figure the lines parallel to 

1^ nicies must all diverge from the point 

^" ^nd if the upper chord had been a 

P^'ygon, instead of being of uniform 

^?Pe, the lines parallel to its sides would 

^^^rge from the point r. As it is, ra, 

^^y ^d, rm etc., form the rays of such a 

Pencil, in which several rays are super- 

?^ed one upon another. 

I'he determination of the question 
^ to whether the stress in a given 
P^ece is tension or compression is 



effected by following the polygon for 
any joint completely around and noting 
whether the forces act toward or from 
the joint : e.(/. at the point fghrf, from 
following the diagrams of preceding 
jgints in the manner stated, it will be 
found that/^r is under tension, and acts 
from the joint; consequently, gh which 
acts toward the joint is under compres- 
sion, as are also the two remaining pieces. 
Hence if the tension in the tie qr be re- 
placed by an equal compression in a part, 
tending to move the lower extremities 
of the roof from each other, the sign of 
every stress in the roof will be changed, 
but the numerical amount will remain 
unchanged, and no change will be made 
in the force diagram. 

ROOF 'tRUSS. 

As another example Jet us take a roof 
truss represented in Fig. 2, acted upon 
by the equal weights /e, ed, dd\ etc. 
Suppose that the effect of the wind 
against the right hand side of the truss 
is such as to cause a deviation of the 
force applied at the joint a'b'e'f of the 
amount indicated in the figure. Such a 
deviation may of course occur at several 
joints of a roof, but the treatment of 
the single joint at which the force of the 
wind is, in this case, principally concen- 
trated, will sufficiently indicate the me- 
thod to be employed in more intricate 
examples. 

Suppose that this pressure of the wind 
is sustained by the left abutment. The 
manner in which it is really sustained 
depends upon the method by which the 
roof is fixed to the walls. 

This horizontal pressure of the wind is 
not directly opposed to the thrust of the 
left abutment, consequently a couple is 
brought into play by these forces, whose 
effect is to transfer a part of the weight 
from the right to the left abutment. To 
compute the amount of this effect, draw 
an horizontal line through this joint (or 
in case the wind acts at several joints the 
horizontal line has to be drawn through 
the center of action of the wind pressure) 
and prolong it until it intersects the 
vertical at the right abutment at 3. Let 
14 be equal to the pressure of the wind. 
Join 13 and prolong 13 until it intersects 
the vertical through 4 at 5, then is 45 
the amount by which the weight upon 
the left abutment is increased, and that 
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upon the left abutment decreased. For, 

let A;.T4=T2. then A;. 46=23/ Now the 

couple due to the wind =23 • 14 but 

*^'23 . "14=12 . 23=A. 12. 45, .-. 23 . 

14=12 . 457 The right hand side of this 
last equation is the couple equivalent to 
the wind couple, having the arm .12 and 
a pair of equal and opposite forces repre- 
sented by 45. Let 45 be added to half 
the weight of the symmetrical loading 
upon the roof to obtain the vertical re- 
action of the left abutment, and sub- 
tracted from the same quantity for the 
vertical reaction of the right abutment. 

If any doubt occurs as to the manner 
in which the wind pressure is distributed 
between the abutments that distribution 
should be adopted which will cause the 
ereatest stresses upon the pieces, or, as 
it may be stated in better terms, each 
piece should be proportioned to bear the 
greatest stress which any distribution of 
that pressure can cause. 

Let us suppose that a horizontal com- 
pression is exerted upon the truss due to 
temperature or other cause, and repre- 
sented by the width 2G of the rectangle 
at the right abutment, then the reaction 
at that point is the resultant 92 of this 
compression and the vertical reaction; 
while at the left abutment the total hori- 
zontal reaction 11 is the sum of this 
compression and the resistance called 
into action by the wind, giving 81 as the 
resultant reaction at the left abutment. 



Flg.2. 

TEMPERATURE, 

WIND AND WEIGHT STRESSES 



Now, using a scale of force twice that 
just employed, for the sake of greater 
convenience and accuracy, construct 
defyfe'd' the polygon of the applied 
forces; and proceed to construct as in 
Fig. 1 the polygons of forces for each of 
the joints. The accuracy of the con- 
struction will be tested by the closing 
of the figure at the completion of the 
process. 

The force diagram at the left is the 
reciprocal figure of the diagram of the 
frame and applied forces at the rights 
but the figure at the right is not the re- 
ciprocal of that at the left since it is not 
a closed figure with at least three lines 
meeting at each intersection. 

BRmOE TRUSS. 

As a further example take the bridge 
truss shown in Fig. 3, which is repre- 
sented as of disproportionate depth in 
order to fit the diagram to the size of the 
page. The method employed is a simpli- 
fication of that given by Mr. Charles H. 
Tutton on page 385, vol. XVII of this 
Magazine. 

Let us suppose the dead load of the 
bridge itself to consist of a series of 
equal weights t^, applied at the upper 
joints a,, a,, etc., of the bridge. Let 
each of these weights when laid off to 
scale be represented by the length of 
zy"'=Wy then the horizontal lines xx and 
y"'o include between them ordinate^ 
which represent these weights. 
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^^t. the lire load consist of one or 
iDor^ looomotives which stftpd at the 
)'>>''ta £, and se„ and a nDiforra train of 
?** "whioh oovers the remaining joints. 
™ the load at each joint dne to the cars 
"'©presented by y'''y'=w', and the ex- 
^a above this of the load at each of the 
l^'i^ts covered by the locomotives be 
^fesented byy'y'=io', .*, m+m'+m' 
~<'iC,=^=<!,c, is the load at ir, and at 
*»and w+«'=c,c,=zy' is the load at k, 
^A at each of the remainin;; joints. 

I*n»r y'o, y'o and zo, then is z^y' 
~H^ that part of the load at as, 
*hiah ig gngtained at the left abutment, 
u appears from the principle of the 
i*»er. Again «,y/=-H^'" *'"'' P*'* 



FtE.3. 

BRIDGE TRUSS 

HAXtHUM eTRESSBB 



of the load at x, snstuned by the same 
abutment, and 2^,'=-^ ay' is a Mmilar 
part of load at x . Let the sum of these 
weights sastained by the left abutment 
be obtained; it is <;,« npon the lower 
figure. Upon ce lay off c,c,=w-He' 
+ w', c,c,=«i+w -t-io', c,c =io+w', etc., 
eqnal to the loads applied at a;,, a;,, etc. 
We are now prepared to constract a dia- 
gram of forces whioh shall give the 
stresses in the various pieces under this 
assnmed loading. Before oonstrnctiDg 
Buch a diagram, we wish to show that 
the assumed position of the load causes 
greater stresses in the chords of the 
bridge than any other possible positioa 
The demonstration ia quoted nearly ver- 
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batim from Rankine's Applied Mechanics, 
and though not strictly applicable to the 
case in hand, since it refers to a uni- 
formly distributed load, it is substan- 
tially true for the loading supposed, 
when the excess of weight in the loco- 
motives is not greater than occurs in 
practice. 

"For a given intensity of load per 
unit of length, a uniform load over the 
whole span produces a greater moment 
of flexure at each cross section than any 
partial load." 

"Call the extremities of the span 1 
and 2, and any intermediate cross section 
8. Then for a uniform load, the moment 
of flexure at 3 is an upward moment, be- 
ing equal to the upward moment of the 
supporting force at either 1 or 2 rela- 
tively to 3, minus the downward moment 
of the uniform load between that end 
and 3. A partial load is produced by 
removing the uniform load from part of 
the span, situated either between 1 and 
3, between 2 and 3, or at both sides of 3. 
First, let the load be removed from anv 
part of the span between 1 and 3. Then 
the downward moment, relatively to 3, 
of the load between 2 and 3 is unaltered, 
and the upward moment, relatively to 3, 
of the supporting force at 2 is diminished 
in consequence of the diminution of the 
force; therefore the moment of flexure 
is diminished. A similar demonstration 
applies to the case in which the load is 
removed from a part of the span be- 
tween 2 and 3; and the combined effect 
of those two operations takes place when 
the load is removed from portions of the 
span lying at both sides of 3; so that 
the removal of the load from any portion 
of the beam diminishes the moment of 
flexure at each point." 

The stress upon a chord multiplied by 
the height of the truss is equal to the 
moment of flexure; hence in a truss of 
uniform height the stresses upon the 
chords are proportional to the moments 
of flexure, and when one has its greatest 
value the other has also. 

The sides of the triangle c^eb^ repre- 
sents the forces in equilibrium at the 
joint c,ed, at the left abutment 1. The 
polygon c^cfi^a^c^ represents the forces 
m equilibrium at the joint of the same 
name, i.0., at the joint a;,. The forces at 
the other joints are found in a similar 
manner. ' 



It is unnecessary to complete the 
figure above e unless to check the 
process. The stresses obtained for the 
corresponding pieces in the right half oi 
the truss would, upon completing the 
diagram, be found to be slightly lest 
than those already determined because 
there are no locomotives at the right 
The greatest stresses upon the pieces 
of the lower chord are eJ,, eb^y etc., and 
on the upper chord are a.Cg, a,c„ etc 

To determine the greatest stress upon 
the pieces of the bracing (posts and ties) 
it is necessary to find what distribution 
of loading causes the greatest shearing 
force at each joint, since the shearing 
forces are held in equilibrium by the 
bracing. We a^in quote nearly word 
for word f rom Kankine's Applied Me- 
chanics. 

"For a given intensity of load per 
unit of length, the greatest shearing 
force at any given cross-section in a 
span takes place when the longer of the 
two parts into which that section di- 
vides the span is loaded, and the shortei 
unloaded." 

" Call the extremities of the span, ai 
before, 1 and 2^ and the given cross 
section 3; and let 13 be the longer part 
and 23 the shorter part of the span. Ir 
the first place, let 13 be loaded and 21 
unloaded. Then the shearing force at t 
is equal to the supporting force at 2, anc 
consists of a tendency of 23 to slide up 
wards relatively to 13. The load may b< 
altered either by putting weight betweei 
2 and 3, or by removing weight betweei 

1 and 3. If any weight be put betweei 

2 and 3, a force equal to part of tba 
weight is added to the supporting foro 
at 2, and, therefore, to the shearing f oro 
at 3 ; but at the same time a force equa 
to the tohole of that weight is taken awa^ 
from that shearing force; therefore thi 
shearing force at 3 is diminished by thi 
alteration of the load. If weight be re 
moved from the load between 1 and 2 
the shearing force at 3 is diminishes 
also, because of the diminution of th 
supporting force at 2. Therefore an; 
alteration from that distribution of loai 
in which the longer segment 13 is loaded 
and the shorter segment 23 is unloaded 
diminishes the shearing force at 3." 

The shearing force at any point is th< 
resultant vertical force at that point 
and can be computed by subtraoUn^ 
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horn the weight which rests upon either | 
sbutment the sum of all the weights be- ' 
tweet) that point and the abutment, i.e., 
hj takiug the algebraic siini of all the 
eit^rual forces acting upon the truss 
from either extremity to the point in 
•^aestion; the reaction of tbe abutment 
ia, of course, one of these external 
forces. 

The greatest stress upon tbe brace 
<*,*, is that already found, while x^ is 
loaded with the live load. 

If the live load be moved to the right 

•o that no live load rests upon a;,, and 

the locomotives rest upon a;, and a„ the 

pieces b^a, and «,6, will sustain their 

greatest stress. To find the shear at x^ 

JO thai case, we notice that the change 

•J» Jtosition of the live load has changed 

'he reaction c,e of the left abutment by 

'he following amounts : the reaction has 

'*eeii diminished by the quantity y,"'y," 

~4-j- {w' + ic"), since the load at a;, has 

heeii removed, and it has been increased 

^y !/i'y,"={i"''\ since a;, is loaded more 

neavily than before, therefore the re- 

JJetion of the abutmeut has on the whole 

"®en decreased by the total amount -jiy 

{I5u>' + 2w"). 

_Now the shear at ic, is this reaction di- 
'^^'nished by the load v> at a;,. In order 
^ construct it, draw yy,/ parallel to 
"~ ' S'!/'=A"''- ■'■ " Shear at a;, 

'*y off c^r^'=x,y,, then the shear at 
*» =^ ec,' = the greatest stress in the 
. *"^<ieS,a,: and S. c,'= the greatest stress 
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est stresses on the successive inclined 

embers of the bracing. 

Had tbe greater load, such as the loco- 
motives, extended over a larger number 
of panels, the line y^yj/, would have cut 
off a larger fraction of y'y'. Suppose, 
for instance, that the locomotives had 
covered the joints a;,a:, inclusive, then 
the line t/JA would have passed through 
y', and been parallel to ita present posi- 
tion. Ill that case tbe ordinates x^y^, 
x^y, would have been successively sub- 
tracted from the reaction of the abut- 
ment due to a live load covering every 
joint, in order to obtain the shearing 
forces, just as at present, until we arrive 
at ar„ after which it would be necessary 
to subtract the ordinates x^y,', x,y/, eto. 
The counter braces are drawn with 
broktin lines. Two ooUDlcre arc ncceaaary 
on each side of the middle under the 
kind of loading which we have supposed. 
It is convenient, and avoids confusion in 
lettering the diagram to let a,6„ for in- 
stance, denote the principal or counter 
indifferently, as both are not subject to 
stress at the same time. 

The devices here used can be applied 
to a variety of oases in which the loading 
is not distributed in so simple a manner 
as in this case. 



I-i 



-Again, to find the greatest shear at x 
^■%«n the live load has moved one panel 
.y**nher to the right, we have the equa- 

^On: Shear at a;.-ec'-w-H(«'' + «') 

-~*~ il »'=<-«— iVti^w'+^w*) = < 

~^^J/,- !■*? off c'e,'=x,y, then the 
^**ear at !e,=«c,', which is the greatest 
Stress in the piece fi,<i,, while ft.'c,' is the 
Sfcatest stress in a/,. 

In similar manner lay off, c,'cJ=xj/„ 
'^^'c^'■=x^^, etc., until the whole of the 
^>*iginal reaction ec, of tbe abutment is 
**hansted, then are ec^, «c,', ec,', <c,', etc., 
^he successive shearing stresses at the 
^tld of the load, t.e. the greatest shearing 
^tresses, and consequently these stresses 
^re the greatest stresses on the succes- 
^ive vertical members of the bracing, 
VhiU c,A„ c,'i,', c,'A,', etc, are the great- 



This method permits the determina- 
tion of the stresses in any frame when 
we know the relatlvg position of its 
pieces and the applied forces, provided 
the disposition of the pieces is such as to 
admit of a determination of the stresses. 

The determination of what the applied 
forces are in case of a continuous girder 
or arch is a matter of some complexity, 
depending upon the elasticity of the ma- 
terials employed, and tbe method in its 
present form affords little assistance in 
finding them. 

Some authors have applied the method 
to find the stresses induced in the various 
pieces of a frame by a single force first 
applied at one joint, and then at another, 
and 80 on, and, finally, to find the 
stresses induced by tbe action of several 
simultaneous forces, by taking the alge- 
braic sum of their separate effects. This 
is theoretically oorreot but laboriouB in 
practice in ordinary cases. Usually, some 
supposition respecting the applied forces 
can be made from which the results of 
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all the other suppositiona which must be 
made, can be derived with small labor. 
The bridge truss treated was a remarka- 
ble case in point. 

WHBBL WITH TEXSION-ROD SPOKES. 

A very interesting example is found 
in the wheel represented in Fig. 4, in 
which the spokes are tension rods, and 



the rim is under compression. Let the 
greatest weight which the wheel ever sus- 
tains be applied at the hub of the wheel 
on the left, and let this weight be rep- 
resented by the force aa' on the right, 
which is also equal to the reaction of 
the point of support upon which the 
wheel stands; hence aa' represents the 
force acting between two joints of this 




frame. The same effect would be caused 
upon the other members of the frame by 
"Keying" the rod aa' sufficiently to 
cause this force to act between the hub 
and the lowest joint. 

It should be noticed in passing, that 
the weights of the parts of the wheel it- 
self are not here considered ; their effect 
will be considered in Fig. 5. Also, the 
construction is based upon the supposi- 
tion that there is a flexible joint at the 
extremity of each spoke. This is not an 
incorrect supposition when the flexibility 
of the rim is considerable compared with 
the extensibility of the spokes, a condi- 
tion which is fulfilled in practice. 

A similar statement holds in the case 
of the roof truss with continuous rafters, 
or a bridge truss with a continuous upper 
chord. The flexibility of the rafters or 
the upper chord is sufficiently great in 
comparison with the extensibility of the 
bracing, to render the stresses practically 
the same as if pin joints existed at the 
extremities of the braces. 

Furthermore, the extremities of the 
spokes are supposed to be joined by 
straight pieces, since the forces be- 



tween the joints of the rim act in those 
directions. Such forces will cause small 
bending moments in the arcs of the rim 

J'oining the extremities of the spokes. 
£ach arc of the rim is an arch subjected 
to a force along its chord or span, and it 
can be treated oy the method applicable 
to arches. This discussion is unimport- 
ant in the present case and will be 
omitted. 

Upon completing the force polygon in 
the manner previously described, it is 
found that the stress on every spoke is 
the same in amount, and is represented 
by a side of the regular polygon abcd^ 
etc. upon the left, while the compression 
of the pieces of the rim are represented 
by the radii oa oh, etc. 

As previously explained these dia- 
grams are mutually reciprocal, and it 
happens in this case that they are also 
similar figures. 

We then conclude that in designing 
such a wheel each spoke ought to be 
proportioned to sustain the total load, 
and that the maker should key the 
spokes until each spoke sustains a stress 
at least equal to that load. Then in no 
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position of the wheel can any Rpoke be- 
come loose. The load here spoken of 
includes, of course, the effect of the 
most severe blow to which the wheel 
i^y be subjected while in motion. 

WATBR wheel with tension-rod 8P0KES. 

'Hie effect of a load distributed uni- 
formly around the circumference of such 
* ^heel as that just treated is repre- 
sented in Fig. 6. Should it be desirable 
^ <^ompute the effect of both sets of 
^^^8 upon the same wheel, it will be 
'^ to take the sum of the separate 

ff ^^® upon each piece for the total 
effect upon that piece, though it is 
^'^^ctly possible to construct both at 

.. ^'^e shall suppose a uniform distribu- 
^^^ of the loading along the circumfer- 
i'^^^ in the case of the Water Wheel, 
^*^^use in wheels of this kind such is 
^'^^tically the case so far as the spokes 

.^ concerned, since the power is trans- 
, ^'^'^ed, not through them to the axis, 
.^^» instead, to a cog wheel situated near 
,p^^ center of gravity of the " water arc." 

*^^8 arrangement so diminishes the 
^^^Jiessary weight of the wheel, and the 
^^ sequent friction of the gudgeons, as 

^^ render its adoption very desirable. 



The discussion of the stresses appears 
however, to have been heretofore erro- 
neously made.* 

Let the weight pp\ at the highest 
joint of the wheel, be sustained by the 
rim alone, since the spoke aa' cannot 
assist in sustaining pp\ as aa' is suited 
to resist tension only. Conceive, for the 
moment, that two equal and opposite 
horizontal forces are introduced at the 
highest joint such as the two parts of 
the rim exert against each other, then 
ifp'=pq=p'g' being sustained by each 
of the pieces op, a'p' respectively we 
have ap^ and a'p'q' as the triangles 
which together represent the forces at 
the highest joint. The force aa' on the 
right is the upward force at the axis, 
equal and opposed to the resultant of 
the total load upon the wheel, and the 
apparent peculiarity of the diagram is 
due to this; — the direction of the reaction 
or sustaining force of the axis passes 
through the highest joint of the wheel 
and yet it is not a force acting between 
those joints and could not be replaced 
by keying the tie connecting those joints. 
In other particulars the force diagram is 



* " A Maoaal of the Steam B«glne, etc.,** by W. J. M 
Rankine. Page 182, fth Ed. 
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constructed as previously described and 
is sufficiently explained by the lettering. 
Should the spoke aa' have an initial ten- 
sion greater than />/?', then there is a 
residual tension due to the difference of 
those quantities whose effect must be 
found as in Fig. 4. 

Should the wheel revolve with so great 
a velocity that the centrifugal force 
must be considered, its effect will be to 
increase the tension on each of the spokes 
by the same amount, — the amount due 
to the deviating force of the mass sup- 
posed to be concentrated at the extremity 
of each spoke. The compression of the 
rim may be decreased by the centrifugal 
force, but as this is a temporary relief, 
occurring only during the motion, it does 
not diminish the maximum compression 
to which the rim will be subjected. 

We conclude then, that every spoke 
must be proportioned to endure a ten- 
sion as great as hh! from the loading 
alone; and that if other forces, due to 
centrifugal force or to keying, are to act 
they must be provided for in addition. 
Furthermore, we see that the rim must 
be proportioned to bear a compression 
as great as hiy due to the loading alone, 
and that the centrifugal force will hot 
increase this, but any keying of the 
spokes beyond that sufficient to produce 
an initial tension on each spoke as great 
as pp' must be provided for in addi- 
tion. 

The diagram could have been con- 
structed with the same facility in case 
the applied weights had been supposed 
unequal. 

It can be readily shown that the dif- 
ferential equation of the curve circum- 
scribing the polygon ahcd^ etc. of Fig. 6 
is 

dx ^ ^ -^/dx\ ^ 



which equation is not readily integrable. 
When, however, the number of spokes is 
indefinitely increased, it appears from 
simple geometrical considerations that 
this curve becomes a cycloid having its 
eusps at q and q', 

ASSUMED FBAHING. 

nius far, we have treated the effect 
of known external forces upon a given 
form of framing, and it is evident from 
the previous discussions and the illustra- 



tive examples that any such problem, 
which is of a determinate nature, can be * 
readily solved by this method. But in 
case the problem under discussion has 
reference to the relations of forces among 
themselves, it is necessary to assume 
that the forces are applied to a frame or 
other body, in order to obtain the re- 
quired relationship. Certain general 
forms of assumed framing have proper- 
ties which are of material assistance in 
treating such problems, and this is true 
to such an extent that even though the 
form of framing to which the forces are 
applied is given, it is still advantageous 
to assume, for the time being, one of the 
forms having properties not found in 
ordinary framing. The special framing 
which has been heretofore assumed for 
such purposes is the Equilibrium Polygon, 
whose various properties will be treated 
in order. We now propose another form 
of framing, which we have ventured to 
call the Frame Pencil, with equally 
advantageous properties which will also 
be treated in due order. 

It may be mentioned here, that the 
particular case of parallel forces is that 
most frequently met with in practice. In 
case of parallel forces the properties of 
the equilibrium polygon and frame pen- 
cil are more numerous and important 
than those belonging to the general case 
alone. We shall first treat the general 
case, and afterwards derive the additional 
properties belonging to parallel f oroes. 



THE EQUILIBRIUM POLYGON FOB 
FOBCES IN ONE PLANE. 



ANY 



Let a6, bCf cd^ de Fig. 6 be the dia- 
gram of any forces lying in the plane of 
the paper, and abcde their force polygon, 
then, as previously shown, ae the closing 
side of the polygon of the applied foroes 
represents the resultant of the given 
forces in amount and direction. Aaaame 
any point /> as a pole, and draw die 
force pencil p—abcdie. The object in view 
in so doing, is to use this force penoil 
and polygon of the applied foroes 
together in order to determine a figure 
of which it is the reciprocal. 

From any convenient point as 2 draw 
the side ap parallel to tne ray ap until 
it intersects the line of action of the force 
ab^ and from that intersection draw the 
side bp parallel to the ray bpj etc., etc. ; 
then the polygon /> will have its sides 
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EQUILIBRIUM POLYGON. 

Fig.6 




BineUon and 



RECIPROCAL FIGURES. 

JPbrce Diagram, abode , Force Polyg<m, 

Equilibrium PUygoUy op, bp, cp, dp, ep, Faice Pencil. 

EguUibrivm Polygon^ ap\ bp\ ep\ dp\ ep\ Force PencU, 

Closing Line^ 28 || pq^ Closing Bay, 

HesuUant Farce, ae, Hesultant Force 



J 



DireeH^n and 
Magnitude. 



panllel respectively to the rays of the 
pencil p. 

The polygon p and the given forces 
^9 bcy etOy then form a force and frame 
^ftgram to which the pencil^— aftcd^ is 
^iprocaly and of which it is the force 
di&gram. It is seen that no internal 
t>niciDg is needed in the polygon />, and 
bence it is called an equilibrium (frame) 
polygon: it is the form which a funicular 
P^^ygon, catenary, or equilibrated arch, 
voold assume if occupying this position 
^ acted upon by the given forces. 

As represented in Fig. 6 the sides of 
^ polygon p are all in compression so 
tbat p represents an ideal arch. If the 
luie 23 be drawn cutting the sides ap, q> 
^ that it be considered to be the span of 
^Q arch having the points of support 2 
*^d 3, then this arch exerts a thrust in 
the direction 23 which may be borne 
•rther by a tie 23 or by fixed abutments 
^ tnd 8 : the force in either case is the 



same and is represented by pq \\ 23. It 
is usual to call 23 a closing line of the 
polygon p. The point q divides the 
resultant ae into two parts such that 
qapq and ^qe are triapgles whose sides 
represent forces in equilibrium, «.«., the 
forces at the points 2 and 3; hence, qa 
and eq are the parts of the total resultant 
which would be applied at 2 and 3 
resDectively. 

This method is frequently employed 
to find the forces acting at the abutments 
of a bridge or roof truss such as that in 
Fig. 2. But it appears that it has often 
been erroneously employed. It must be 
first ascertained whether the reaction at 
the abutments is really in the direction 
ae for the forces considered. It may 
often happen far otherwise. If the 
surfaces upon which the truss rests with- 
out friction are perpendicular to ae^ then 
this assumption is probably correct; as, 
' for instance, when one end is mounted 
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on rollers devoid of friction, running 
on a plate perpendicular to ae. But in 
oases of wind pressure against a roof 
truss the assumption is believed to be in 
ordinary cases quite incorrect. Indeed, 
the friction of the rollers at end of a 
bridge has been thought to cause a 
material deviation from the determina- 
tion founded on this assumption. It is 
to be noticed that any point whatever on 
pq {or pq prolonged) might be joined to 
a and e for the purpose of finding the re- 
actions of the abutments. Call such a 
Eoint X (not drawn), then ax and ex might 
e taken as two forces which are exerted 
at two and 3 by the given system. It ap- 
pears necessary to call attention to this 
point, as the fallacious determination of 
the reactions is involved in a recently 
published article upon this subject.* We 
flhall return to the subject again while 
treating parallel forces and shall extend 
the method given in connection with 
Fig. 2 to certain definite assumptions, 
«uoh as will determine the maximum 
«tresses which the forces can produce. 
Prolong the two sides ap and ep of the 
polygon p until they meet. It is evident 
that if a force equal to the resultant cie be 
applied at this intersection of ap and ep 
prolonged, then the triangles .apq and epq 
will represent the stresses produced at 2 
and 3 by the resultant. But as these are 
the stresses actually produced by the 
forces, and as the resultant should cause 
the same effects at 2 and 3 as the forces, 
it follows that the intersection of ap and 
^ must be a point of the resultant ae ; 
and if, through this intersection, a line 
be drawn parallel to the resultant ae^ it 
will be a diagram of the resultant, 
showing it in its true position and 
direction. 

This is in reality a geometric relation- 
ship and can be proved from geometric 
oonsiderations alone. It is sufficient for 
our purposes, however, to have estab- 
lished its truth from the above mentioned 
static considerations which may be re- 
^rded as mechanical proof of the 
geometric proposition. 

The pole p was taken at random : let 
apy otner point p' be taken as a pole. 
To avoid multiplying lines jt>' has been 

* See paper No. 71 of the Civil Boftneera* Clab of the 
Northwest. Applications of the Bqailibriam PolTKon 
to determine the Reactions at the Snpportfl of Iraof 
Tmeses. Bj James R. WiUett, Architect. Chicago. 



taken upon pq. Now draw the force 
pencil p' —abcde and the corresponding 
eqwilibrium polygon for the same forces 
ah^ be, etc. This equilibrium polygon 
has all its pieces in tension except />'c. 
It is to be noticed that the forces are 
employed in the same order as in the 
previous construction, because that is the 
order in the polygon of the applied 
forces : but the order of the forces in 
the polygon of the applied forces is, at 
the commencement, a matter of indiffer- 
ence, for the construction did not depend 
upon any particular succession of the 
forces. 

As previously shown, the intersection 
of ap' with ep' is a point of the result- 
ant, and the line joining this intersection 
with the corresponding intersection 
above is parallel to ae. 

Again, prolong the corresponding sides 
of the two equilibrium polygons until 
they intersect at 1234, these points fall 
upon one line parallel to pp'. For, sup- 
pose the forces which are applied to the 
lower polygon /?' to be reversed in direc- 
tion, then the system applied to. the poly- 
gons p and p' must together be in equili- 
brium; and the only bracing needed is a 
piece 23 \\pp\ since the upper forces pro- 
duce a tension pq along it, and the lower 
forces a tension qp\ while the parts aq 
and qe of the resultant which are applied 
at 2 and 3 are in equilibrium. The same 
result can be shown to hold for each of the 
forces separately; e.p^. the opposite foroes 
ab may be considered as if applied at 
opposite joints of a quadrilateral whose 
remaining joints are 1 and 2 : the force 
polygon corresponding to this quadrilat- 
eral is apbp\ hence 12 \\pp\ Hence 
1234 is a straight line. The intersection 
of pc and p'c does not fall within the 
limits of the figure. 

It is to be noticed that the proposi- 
tion just proved respecting the col- 
linearity of the intersections of the 
corresponding sides of these equili- 
brium polygons is one of a geometric 
nature and is susceptible of a purely 
geometric proof. 

THE FRAME PENCIL FOR ANY FORCS8 IN 

« 

ONE PLANE. 

Let abj bcj cdy de in Fig. 1 represent a 
system of forces, of which abcde is the 
force polygon. Choose any single point 
upon the line of action of each of these 
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tine. Then the force lines are parallel 
to each other and to aa' also. This is a 
practical Bimptification of the general 
case of much convenience. 

It should be noticed here that the 
equilibrium polygon, as well a a the 
straight line, is one case of the frame 
polygon. The interesting geometric re- 
lationships to be found by conetnicting 
the frame and equilibrium polygons aa 
coincident must be here omitted. 

Suppose that it is desired to find the 
point q which divides the resultant into 
two parts, which would be applied in 
the direction of the resultant at two 
such points as S and 9: draw dS || u'e 
and e'6 || u'fl qnd then through 6 draw 
}j']|99. This maybe regarded as the 
same geometric proposition, which was 
proved when it was shown that the locus 
of the intersection of the two outside 
lines of the equilibrium polygons (recip- 
rocal to a given force pencil) is the re- 
sultant, and is parallel to the dosing side 
of the polygon of the applied forces. 
The proposition now is, that the locus of 
the intersection of the two outside lines 
of the equilibrating polygon (reciprocal 
to a given frame pencil) is the resolving 
line, and is parallel to the abutment 
line: for these two statements are geo- 
metrically equivalent. 

Assume a different vertex «', and 
draw the frame pencil and its correspond- 
ing equilibrating polygon a'b'c'd'e. If 
o, 5 and e 6 be drawn parallel to v' 8 
and v' respectively their intersection 
is upon qq' as before* proven. 

Again, the corresponding sides of these 
two equilibrating polygons intersect at 
12 3 4 upon a line parallel to v'v', for 
this is the same geometric proposition 
respecting two vertices and their equili- 
brating polygons which was, previously 
proved respecting two poles and their 
equilibrium polygons. 

It would be interesting to trace the 

feometrio relations involved in different 
ut related frame polygons, aa for esam- 
- pie, those whose corresponding sides in- 
tersect upon the same straight line, but 
as our present object is to set forth the 
essentials of the method, a consideration 
of these matters is omitted. Enoagh 
has been proven, however, to show that 
we have in the frame pencil an inde- 
pendent method equally general and 



fruitful with that of the equilibrium 

polygon. 

Elidll.lBBIUM POLYGON FOE PARILLBL 
FOBCE3. 

Ls'i the system of parallel forces in 
ono plane be four in number as repre- 
HOnied in Fig, 8, viz : w,tc„ w,tc„ etc., 
acting in the verticals 2 3 4 5 of the 
force diagram on the left. Let the 
points of support be in the verticals 1 
and 6. 

The force polygon at the right re- 
duces, in case of vertical forces, to a ver- 
ticil! line Mw. Assume any arbitrary 
point/' as pole of this force polygon, (or 
weight line, as it is often designated) 
and, parallel to the rays of the force 
ptncil at/>, draw the sides of the equili- 
biiiiin polygon ee, in the manner pre- 
vioiiply described. Draw the closing 
line kkai this polygon ee, and parallel 
tn it draw the closing ray p^; then, as 
]n-c'vioii8ly shown, ^ijr divides the result- 
ant 11^^, at q into two parts which are 
the ^'actions of . the supports. The 
jiosUiini of the resultant is in the vertical 
mi)t which passes through the Inter- 
^I'l.tion of the first and last sides of the 
liolygon ee, as was also previously 

Designate the hori«ontal distance from 
p to the weight line by the letter H. It 
hippens in Fig. 8 that ^>w=H, but in 
any case the pole distance H is the hori- 
zontal component of the force pq acting 
aloTig the closing line. 

Now by similarity of triangles 
Aje,(=A,A,) : ft,e, : ipw, : qy>, 

the moment of flexure, or bending mo- 
ment at the vertical 2, which would be 
cHUscd in a simple straight beam or gir- 
ik'T under the action of the four given 
forces and resting apon supports in the 
verticals 1 and 6. 
Again, from similarity of triangles, 
A,A, (=*,/,) : kj, : : ff : gu>, 
KK \=^J\) '■ "./. : = -ff: io,w. 

= jw , . A, A , — w , w, . A, A, = J/, 
the moment of flexure of the simple gir- 
der at the vertical 3. 
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EQUILIBRIUM POLYGON. 



Fig. 8 




*.6. that the moment of flexure at any 

vertical whatever (be it one of the 

verticals 2 3 4, etc., or not) is equal 

^0 the product of the assumed pole 

^^istance JET multiplied by the vertical 

^J'dinate ke included between the equili- 

Wuin polygon ee and the closing line 

^^ at that vertical. 

^rom this it is evident that the 

?9^ilibrium polygon is a moment curve, 

**^- its vertical ordinate at any point 

9^ the span is proportional to the 

beo^ing moment at that% point of 

^ Sirder sustaining the given weights 

*^<3L supported by simply resting without 

constraint upon piers at its extremities. 

^^rom this demonstration it appears 
I^Jj^t; JEr.e^^=w^to^.h^h^ is the moment of 
^"^ force w^w^ with respect to the verti- 
?*^ 3; and similarly JZtn,m,=t/7,w,.e,m, 
'^ t,he moment of the same force with 
J'^^pect to the vertical through the cen- 
\^^^?^ gravity. Also, ^.y,y,=t/7,w,.A^A. 
t,he moment of the same force with 
^^ect to the vertical 6. 

^itnilarlv m,m, is proportional to the 
'^^Hcxent of all forces at the right, and 

P»*^^ to all the forces left of the center 
^ Suavity, but m, w, + m,m, = 0, as should 

? t.he case at the center of gravity, 
p ^^t which the moment vanishes. 

/"^Ui these considerations it appears 

^^t the segments mm of the resultant 



are proportional to the bending moments 
of a girder supporting the given weights 
and resting without constraint upon a 
single support at their center of gravity. 

Jjet us move the pole to a new position 
p' having the same pole distance S'sLsp^ 
and in such a position that the new clos- 
ing line will be horizontal, i.e. p'q must 
be horizontal. 

One object in doing this is to furnish 
a sufficient test of the correctness of the 
drawing in a manner which will be im- 
mediately explained; an J another is to 
transfer the moment curve to a new 
position cc such that its ordinates may 
be measured frgm an assumed horizontal 
position hh of the girder to which the 
forces are applied, so that the girder 
itself forms the closing line. 

The polygon cc must have its ordinates 
he equal to the corresponding ordinates 
ke^ for 

M=n.ke-n.hc 

Also the segments of the line mm are 
equal to the corresponding segments of 
the line nn for similar reasons. 

Again, as has been previously shown, 
the corresponding sides (and diagonals 
as well) of the polygons ee and cc inter- 
sect upon the line yy \\pp\ 

These equalities and intersections fur- 
nish a complete test of the correctness of 
the entire construction. 
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FRAME PENCIL. 
Fig. 9 




FRAME PENCIL FOB PARALLEL FORCES. 

Let the same four parallel forces in 
one plane which were treated in Fig. 8 
be also treated in Fig. 9, and let them 
be applied at 2, 3, 4, 5 to a horizontal 
girder resting apon supports at 1 and 6. 

Use 16 as the frame line and choose 
any vertex v at pleasure from which to 
draw the frame pencil dd. Draw the 
force lines tod parallel to the horizontal 
frame line 16, and then draw the equili- 
brating polygon dd with its sides paral- 
lel to the rays of the frame pencil dd. 

As has been previously shown, if a re- 
sultant ray vo of the frame pencil dd be 
drawn from v, as represented in Fig. 9, 
parallel to the closing side uu of the 
equilibrating polygon, this ray intersects 
16 at the pomt o where the resultant of 
the four given forces cuts 16. 

Furthermore, the lines to/, and d^r^ 
parallel to the abutment rays vl and v6 
of the frame pencil intersect on rr the 
resolving line, which determines the 
point of division q of the reactions of 
the two supports, as was before shown. 

Let the vertical distance between the 
vertex and the frame line be denoted by 
V. 

In Fig. 9 it happens that u6= F. 
If the frame polygon is not straight, or 
being straight is inclined to the horizon. 



F'ha^ different values at the different 
joints of the frame polygon: in every 
case V is the vertical dii^tance of the 
joint under consideration above or below 
the vertex. It will be found in the se- 
quel that this possible variation of V 
may in certain constructions be of con- 
siderable use. 
By similarity of triangles we have 

12 : t?6 : : r^r^ : to^q 
.'. FIr,r,=to,3'.12=-Ztf'„ 

the bending' moment of the girder at the 
point 2. 

Draw a line through w^ parallel to v3; 
this line by chance coincides so nearly 
with %o^8^ that we will consider that it is 
the line required, though it was drawn 
for another purpose. Again, by simi- 
larity of triangles 

13 : t;6 : : r,«^ : w^q 

23 : w6 : : d^g{=r^s^ : to,t^, • 

=w,^.13— WjW,.23=Jf, 
the bending moment at 3. 

Similarly it may be shown that 

Le. that the moment of flexure at any 
point of application of a force to the 
girder is the product of the assumed 
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vertical distance F multiplied by the 
corresponding segment rr of the resolv- 
ing line. 

The moment of flexure at any point 
of the girder may be found by drawing 
a line tangent to the equilibrating poly- 
gon (or curve) parallel to a ray of the 
Frame pencil at that point, the intercept 
r^ of this tangent is such that Y.r^r is 
tne moment required. 

Also by similarity of triangles 

o2 : zt6 : : u^d^ : w^^ 

o2(=o3 + 32) : «6 : : uj, : w,k7, 

32 : t?6 : : dj, : to,^?, 

••• FKZ-rf,0=F:ti,t?, 

= w>ji/?,.o2 + «;,«;,.o3, 

i.e, the horizontal abscissas ud between 
the equilibrating polygon dd and its 
closing side uu multiplied by the verti- 
cal distance V are the algebraic sum of 
the moments of the forces about their 
center of gravity. The moment of any 
single force about the center of gravity 
being the difference between two success- 
ive algebraic sums maybe found thus: 
draw dji || uu^ then is V.dji the moment 
of tCjtt^, about the center of gravity, as 
may be also proved by similarity of tri 
ansles. 

Again by proportions derived from 
similar triangles, precisely like those 
already employed, it appears that 

Fi/?j<?,=w,«?,.26 

is the moment of the force to^to, about 
the point 6. And similarly it may be 
fihown that 

Fto,c?,=t^,t^,.26 4-«'^w?,.36 

is the moment of w^xo^ and w^^ about 6. 
Furthermore, as this point 6 was not 
specially related to the points of applica- 
tion 1 2 3 4, we have thus proved the 
following property of the equilibrating 
polygon: if a pseudo resultant ray of 
the frame pencil be drawn to any point 
of the frame line, then the horizontal 
abscissas between the equilibrating poly- 
gon and a side of it parallel to that ray, 
(which may be called a pseudo closing 
side), are proportional to the sum total 
of the moments about that point of those 
forces which are found between that 
abscissa and the end of the weight line 
from which this pseudo side was drawn. 
The difference between two successive 



sum totals being the moment of a single 
force, a parallel to the pseudo side en- 
ables us to obtain at once the moment of 
any force about the point, e.g. draw dj! 
II ijoxo .'. V,dJ/ is the moment of w^^ 
about 6. 

Now move the vertex to a new posi- 
tion t)' in the same vertical with o : this 
will cause the closing side of the equili- 
brating polygon (parallel to v'o) to coin- 
cide with the weight line. The new 
equilibrating polygon hh has its sides 
parallel to the rays of the frame pencil 
whose vertex is at t?'. If F is un- 
changed the abscissas and segments of 
the resolving line are unchanged, and w* 
is horizontal. Also ocx \\ vv^ contains 
the intersections of corresponding sides 
and diagonals of the equilibrating pol3r- 
gon. These statements are geometri- 
cally equivalent to those made and 
proved m connection with the equili- 
brium polygon and force pencil. 

In Figs. 8 and 9 we have taken jBr= F, 
hence the following equations will be 
found to hold, 

*i«,=»'ri. ^3«.=»'/3> V4=»'/4» etc. 
fw^m,=w,rf„ fn,m,=:t/^J^, m,m^=w^rf^, etc. 

y,y,=«',^,i y,y,=^,^.> VxV.-'^Aj etc. 

m^m^^^d^iy etc., yjc^=id^i\ etc. 

By the use of etc. we refer to the more 
general case of many forces. From 
these equations the nature of the rela- 
tionship existing between the force and 
frame pencils 'and their equilibrium and 
equilibrating polygons becomes clear. 
Let us state it in words. * 

The height of the vertex (a vertical 
distance), and the pole distance (a hori- 
zontal force) stand as the type of the 
reciprocity or correspondence to be 
found between the various parts of the 
figures. • 

The ordinates of the equilibrium poly- 
gon (vertical distances) correspond to the 
segments of the resolving line (horizontal 
forces), each of these being proportional 
to the bending moments of a simple 
girder sustaining the given weights, and 
resting without constraint upon supports 
at its two extremities. 

The segments of the resultant line 
(vertical distances) correspond to the 
abscissas of the equilibrating polygon 
(horizontal forces) each of these being 
proportional to the bending moments of 



82 



A NEW GENERAL METHOD IN GRAPHICAL STATICS. 



a simple girder sustaining the given 
weights and resting without constraint 
upon a supporfat their center of gravity. 

The segments of any pseudo resultant 
line, parallel to the resultant, which are 
cut off by the sides of the equilibrium 
polygon, are proportional to the bending 
moments of a girder supporting the 
given weights and rigidly built in and 
supported at the point where the line in- 
tersects the girder; to these segments 
correspond the abscissas between the 
equilibrating polygon and a pseudo side 
of it parallel to the pseudo resultant ray. 

The two different kinds of support 
which we have supposed, viz. support 
without constraint and support with con- 
straint, can be treated in a somewhat 
more general manner, as appears when 
we consider that at any point of support 
there may be, besides the reaction of the 
support, a bending moment, such as 
would be induced, for -instance, when 
the span in question forms part of a con- 
tinuous girder, or when it is fixed at the 
support in a particular direction. In 
such a case the closing line of the equili- 
brium polygon is said to be moved to a 
new position. It seems better to call it 
in its new position a pseudo closing line. 
The ordinates between the pseudo closing 
line and the equilibrium polygon are 
proportional to the bending moments of 



the girder, so supported. It is possible 
to induce such a moment at one point of 
support as to entirely remove the weight 
from the other, and cause it to exert no 
reaction whatever; and any intermediate 
case may occur in which the total weight 
in the span is divided between the sup- 
ports in any manner whatever. Whea 
the weight is entirely supported at h^ 
then y^e^ is the pseudo closing line of the 
polygon ee. In that case osc oecomes the 
pseudo resolving liiie, and in general the 
ordinates between the pseudo closing 
line and the equilibrium polygon corre- 
spond to the segments of the pseudo 
resolving line, and are proportional to 
the bending moments of the girder. 
This general case is not represented in 
Figs. 8 and 9; but the particular case 
shown, in which the total weight is 
borne by the left pier, gives the equa- 
tions 

«./,=«',«»» ^J.=^y^zy ^»/»=a'A> etc. 

In order to represent the general case 
in which the weights, supported by the 
piers, are not the same as in the case of 
the simple girder, by reason of some kind 
of constraint, we propose to treat the case 
of the straight girder, fixed horizontally 
at its extremities; but it is necessary 
first to discuss the following auxiliary 
construction. 



SUMMATION POLYGON, 
Fig. 10 




THE SUMMATION POLYGON. 

In Fig. 10 let aabb be any closed 



figure of which we wish to determine the 
area. The example which we have 
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ehosoD is that of an indicator card taken 
from page 12 of Porter's Treatise on 
Richard's Steam Indicator, it heing a 
card taken from the cylinder of an old- 
fashioned paddle-wheel Cunarder, the 
Africa. The scale is such that afi^ is 
.26.9 pounds per square inch and 06 
parallel to the atmospheric line is the 
length of the stroke. 

Divide the figure by parallel lines a, ft,, 
<^,ft,9 etc. into a series of bands which 
are approximately trapezoidal. A suffi- 
cient number of divisions will cause this 
approximation to be as close as may be 
desired. The upper and lower bands 
may in the present case be taken as ap- 
proximating sufficiently to parabolic 
areas. Let 06 be perpendicular to a b^, 
etc., then will 01, 12, etc., be the heights 
of the partial areas. Lay off 

Mi=i(«A + «A)> etc. 

then will these distances be the bases of 
the partial areas. Assume any point c 
at a distance / from 06 as the common 
point of the rajs of a pencil passing 
through 0, 1, 2, etc.; and draw the 
parallels Jis : then from any point v^ of 
the first of these make v^8^ \\ eO, and 

Va II «1> V. II «2, etc. 

The polygon 88 is called the summa- 
tion polygon, and has the following 
properties. 

By similarity of triangles 

is the area of the upper band. Similarly 
12.A A,=/.«,v, is the area of the next 
band, and finally 

is the total area of the figure. 

In the present instance we have taken 
/=06, the length of stroke, conse- 
quently/) is the average pressure during 
the stroke of the piston, and is 21.25 
pounds, which multiplied by the volume 
of the cylinder gives the work per stroke. 

This method of summation, which ob- 
tains directly the height jo of a rectangle 
of given base I equivalent in area to any 
given figure, is due to Culmann, and is 
applicable to all problems in planimetry ; 
it is especially convenient in treating the 
problems met with in equalizing the 
areas of profiles of excavation and em- 
bankmenty and is frequently of use in 



dividing land. It is much more ex- 
peditious in application than the 
method of triangles founded on Euclid, 
and is also, in general, superior to 
the method ,of equidistant ordinates, 
whether the partial areas are then 
computed as trapezoids or by Simp- 
son's Rule; for it reduces the number 
of ordinates and permits them to be 
placed at such points as to make the 
bands approximate much more closely 
to true trapezoids than does the method 
of equidistant ordinates. 

GIBDKR WITH FIXED ENDS. 

It is to l^ understood that by a girder 
with fixed ends, we mean one from which 
if the loading were entirely removed, 
without removing the constraint at its 
ends, there would be no bending moment 
at any point of it, and, when the loading 
is applied to it the supports constrain 
the extremities to maintain their original 
direction unchanged, but furnish no 
horizontal resistance. Under those cir- 
cumstances the girder may not be 
straight, and may not have its supports 
on the same level, but it will be more 
convenient to think of the girder as 
straight and level, as the moments, etc., 
are the same in both cases. 

Suppose in Fig. 1 1 that any weights 
to,w„ etc. are applied at A„ A„ A , A^, to 
a girder which is supported and fixed 
horizontally at A, and X,. With p as the 
pole of a force pencil draw the equili- 
brium polygon ee as in Fig. 8. The re- 
sultant passes through m. 

It is shown in my New Constructions 
in Graphical Statics, Chapter U, that the 
position of the pseudo closing line k'k^y 
m case the girder has its ends fixed as 
above stated, is determined from the 
conditions that it shall cut the curve ee 
in such a way that the moment area 
above k'k' shall be equal to that below 
k^k'y and also in such a way that the 
center of gravity of the new moment 
area shall be in the same vertical as the 
original moment area. 

To find the center of gravity of the 
moment area ek; determine the areas of 
the various trapezoids of which it is com- 
posed by help of the summation poly- 
gon 88. In constructing 88 we make 
7i^l=k^e^j h^^=k^e^-\k^e^^ etc., and using 
V as^the common point of the pencil we 
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shall have \v.h^z^ = twice the area of 
the moment area. We have ased the 
flam of the two parallel aides of each 
trapezoid instead of half that quantity 
for greater scouraoy. 

Now lay off from z„ z,z,=A,z„ 
zji^=h^^, etc., as a weight line and 
aesame the pole p'. 

Of the triangle A,A,tf„ one-third 
rests at A, and two-thirda at A, ; 
make z^z '=Jz^, it is the part of the 
area applied at k^. Of the area A e/,A„ 
one half, approximately, rests at A, and 
one half at A,. Bisect z,z, at z,', then 
2/?,' rests at A,. Bisect each of the 
other quantities 2 2,, etc. except z,z„ in 
which make z^2^=\ zz,. With the 
weights ^7^ so obtained, oonstmct the 
second eqnilibrinm polygon yy, which 
shows that the center of gravity of the 
moment area is in the vertical throngh 
n. Tliere is a balancing of errors in this 
approximation which renders the posi- 
tion of n quite exact; if, however, 
greater precision is desired, determine 
the centers of gravity of the trapezoidi 
forming the moment area, and use new 
verticals through them as weight linen, 
with the weights zx instead of the 
weights z'z'. 

Draw verticals which divide the span 
into three equal parts, — they cut ny, and 
ny, at (, and („ and draw p't' \\ t^t^. 
Then is t^tjit^t^ an equilibrium polygon 
due to the force z^z, applied at n, and to 
the forces z,(', and t'z^ applied at (, and 
2, respectively. As explained when 



treating this matter in the New Con- 
structions in Graphical Statics, s,f' ai)d 
t'z^ are proportional to the bending mo- 
ments at the extremities of the fixed gird- 
In this case, since we have taken 
=|A,A we find that hjc^'---\z^t\ and 
'=J(7, are the ehd moments, and 
they fix the position of the pseudo clos- 
g line. Draw pq' \\ k'k' then are te^q' 
id g'w^ the reactions of the piers. The 
pseudo resultant is at m'. 

To obtain the same result by 
help of a frame pencil, let Fig. 12 
represent the same weights applied 
in the same manner as in Fig. 11. 
Choose the vertex v, and draw the 
equilibrating polygon dd, etc. as in Fig. 
8. Make A,l=r,rj, A,2=r,r,-t-r,r„ etc., 
since thene quantities are proportional 
to the bending moments as previously 
shown. With v as the common point of 
the rays of a pencil, find A,2, by the help 
of the summation polygon ss just as in 
Fig. 11. 

Lay off the second weight line z,J,', 
etc., just as in Fig, 11, and with v ae 
vertex construct the second equilibrating 
polygon XX. Then as readily appears 
vn [| z^x^ determines « the center of 
gravity of the moment area. Make z^x^ 
II «(, and ar,x, ||r(, ; if i^ and (, divide 
the span into three equal parts, then the 
horizontal through «, fixesC correspond- 
ing to f' in Fig. 11. 

To find the position of the pseudo 
resolving line and its segments pro- 
portional to the new bending mo- 
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ments, lay off r,/=i(t\—z,t') the differ- 
ence of the bending momenta at the 
ends, and make jr/ \\r^v>^ and prolong 
u,r, QDtil tbev meet at r,' whiob is on the 
pieado resolving line. Then lay off 
rj'=iz^t' and r,'r'=il'zj npon this 
pBeodo resolving line r*^', then rr,', r'r,', 
etc, are the bending moments when the 
girder is fixed at the ends. For by umi- 
mrily of triangles 



A,A. : 
.-. A, A, 






SQ, 



is the moment, and qq' is the weight 
which ie transferred from one support to 
the other by the constraint, hence r*/ is 
the correct position of the psendo resolv- 



ing lina Thence follows the proof that 
the bending moments are proportional 
to intercepts upon this line in a manner 
precisely like that employed in Fig. 9. 

Again, draw «i\ || w^r and u(, {| M,r', 
then are i. and i, the points of inflexion 
of the girder when the bending moment 
vanishes, being in reality points of sup- 
port on which the girder could simplv 
rest without constraint and have ilie 
pseudo resultant in that case as the tine 
resultant. 

In Figs. 11 and 12 we have taken 
3= V, consequently the new moments 
oan be directly compared, the ordinates 
^e being equal to the corresponding 
segments r'r. 




Apparently in this example Fig. 12 
presents a construction somewhat more 
compact than that of Fig. 11, it is cer- 
tainly equally good. 

It remains to remark before proceed- 
isg to further considerations of a slight- 
ly different character, that we owe to 



generality of the method of the 



the gen 
of the 



equilibrinm polygon. 

He adopted the funicular polygon, 
some of whose properties had long been 
known, and upon it founded the general 
processes and methods of systematic 
Work which are now employed by all. 

Furthermore it should be stated that 
parallelograms of forces were com- 
pounded and applied in such a way as to 

• OrsphlKhc sunk. Zarich,IB«. 



five rise to a frame pencil and equili- 
rating polygon by the illustrious 
Poncelet* who by their use determined 
the centers of gravity of portions of the 
stone arch. Whether he recognized 
other properties besides the simple de- 
termination of the resultant of parallel 
forces, I am not informed, as my 
knowledge of Poncelet'a memorial is de- 
rived "from so much of his work as 
Woodburyt has incorporated in his 
graphical construction for the stone 

So far as known, the^nethod has been 
advanced by no one of the numerous 
recent writers upon Graphical Statics 



• Memorte] deromelrrdnOSDle. No.lt. 
t TruUae on the StabUltf ol tbe Arch. D. P. Wood- 
bni7. New York, ISBS. 
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which would certainly have been the 
case had Poncelet established its claim 
to be regarded as a general method. 
I think the method *of the frame pen- 
cil may now fairly claim an equal gen- 
erality and importance with that of the 
equilibrium polygon. 

ANY FORCES LYING IN ONE PLANE, AND 
APPLIED AT GIVEN POINTS. 

We have previously referred to this 
problem, having treated a particular case 
of it in Fig. 2 ; and subsequently cer- 
tain statements were made respecting the 
indeterminateness of the process for find- 
ing the reactions of supports in case the 
applied forces were not vertical. 

The case most frequently encountered 
in practice is wind-pressure combined 
with weight, and we can take this case 
as being sufficiently general in its nature; 
so that we are supposed to know the 
precise points of application of each of 
the forces, and its direction. Now it 
may be that the reaction of the supports 
cannot be exactly determined, but in all 
cases an extreme supposition can be made 
which will determine stresses in the 
framework which are on the safe side. 

For example, if it is known that one 
of the reactions must be vertical, or nor- 
mal to the bed plate of a set of support- 
ing rollers, this will fix the direction of 
one reaction and the other may then be 
found by a process, like that employed 
in Fig. 2, of which the steps are as fol- 
lows : 

Resolve each of the forces at its point 
of application into components parallel 
and perpendicular to the known direction 
of the reaction, which we will call verti- 
cal for convenience, since the process is 
the same whatever the direction may be. 
By means of an equilibrium polygon or 
frame pencil find the line of action of 
the resultant of the horizontal compo- 
nents, whose sum is known. Then this 
horizontal resultant, can be treated pre- 
cisely as was the single horizontal* force 
in Fig. 2, which will determine the alter- 
ation of the vertical components of the 
reactions due to the couple caused by the 
horizontal components. 

Also, find by an equilibrium polygon, 
or frame pencil, the vertical reactions due 
to the vertical components. Correct the 
point of division q of the weight line as 
found from the vertical components by 



the amount of alteration already found 
to be due to the horizontal components. 
Call this point q\ then the polygon of 
the applied forces must be closed by two 
lines representing the reactions, which 
must meet on a horizontal through q'\ 
but one of them has a known direction, 
hence the other is completely determined. 

This determination causes the entire 
horizontal component to be included in 
a single one of the reactions, and it is 
usually one of the suppositions to be 
made when it is not known that the reac- 
tion of a support is normal to the plane 
of the bed joint. 

Another supposition in these circum- 
stances is that the horizontal component 
is entirely included in the other reaction; 
and a third supposition is that the hori- 
zontal component is £o divided between 
the reactions that they have the same 
direction. These suppositions will usu- 
ally enable us to find the greatest possible 
stress on any given piece of the frame by 
taking that stress for each piece which is 
the greatest of the three. 

In every supposition care must be 
taken to find the alteration of the verti- 
cal components due to the horizontal 
components. This is the point which has 
been usually overlooked heretofore. 

KERNEL, MOMENTS OF RESISTANCE AND 
INERTIA*. EQUILIBRIUM POLYGON METHOD. 

The accepted theory respecting the 
flexure of elastic girders assumes that 
the stress induced in any cross section 
by a bending moment increases uniform- 
ly from the neutral axia to the extreme 
fiber. 

The cross section considered, is sup- 
posed to be at right angles to the plane 
of action or solicitation of the bending 
moment, and the line of intersection of 
this plane with that of the cross section 
is called the axis of solicitation of the 
cross section. 

The radius of gyration of the cross 
section about any neutral axis is in the 
direction of the axis of solicitation. 

It is well known that these two axes 
intersect at the center of gravity of the 
cross section, and have directions which 
are conjugate to each other in the ellipse 
which is the locus of the extremities of 
the radii of gyration. 

We shall assume the known relation 
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M^SI-^y construct the kernel as the locus of the 
. J 1? 1 antipole of the tangent at the extreme 
in which M is the magnitude of the fi^er. The method now proposed is the 
bending moment, or moment of resistance reverse of this, as it constructs several 
of the cross section, S is the stress on yj^^jj q£ tl^e kernel first, then the corre- 
the extreme fiber, / is the moment of m- gponding radii of gyration, and from 
ertia about any neutral axis a, and y is ^^^^^ ^.^e ellipse, and finally completes 
the distance of the extreme fiber m the ^^^ kernel. In the old process there are 
direction of the axis of solicitation, i, e. inconvenient restrictions in the choice of 
the distance between the neutral axis x p^i^ distances which are entirely avoided 
and that tangent to the cross section [^ ^^^ ^^^ process, 
which is parallel to x and most remote ^e^ ^^ie cross section treated be that 
from it, the distance being measured ^f ^y^^ j rail represented in Pig. 13, 
along the axiB of solicitation. ^hich U 4ix2j inches and J inch thick. 
Let M=zSm m which m is called ^^ h^ve selected a rail of uniform 
the " specific moment of resistance of thickness in order to avoid in this small 
the cross section; it is, m fact, the figure the numerous lines needed in the 
bending moment which will induce a summation polygon for determming the 
stress of unity on the extreme fiber. ^rea; but any cross section can be treat- 
Now I^J(?A ed with ease by using a summation poly- 
, . , , . ^, J. c ^. J ffon for finding the area, 
in which k 18 the radius of gyration and ^ ^^ ^^^ the inter of gravity, let the 
A 18 the area of the cross section. ^^^^^^ ^^^^ ^^^ ^^^^^ ^^^^ ^^ p^^p^^. 

Let ^-^yz=r^ .•. m=rA^ tional to the areas between the verticals 

- . .« ^ £ ' J. at ft,^, and ftA be applied at their centers 

18 the 'specific moment of resistance ^^ ^^^vity a and a, respectively; then 

about X, and when the direction of x ^he equilibrium polygon c,e„ having the 

vanes, r vanes m magnitude: r is called ,^^ ^^ows that o is the requirelcen- 

me "radius of resistance of the cross ter ot sravhv 

•ection. The lociw of the extremity of ^e^ ^^^^ ^^^; j j be divided into two 

I", taken as a radius vector along the ^g ^^ ^ ^^*^* ^ ^ ^^^ ^ ,^ ^^^ 

ans of soUcitation, is called the "ker- t^^jg^^^ proportional to'the areas ft.o and 

fit. . , . ^1 J £ J X u ^u o^. respectively; and c.c.c. is the equili- 

iJ^"" ^^T^ " T* / <*t?"®"^ *° ^ ^''^ brlum polygon for these weights applied 

^UB of the center of action of a stress ^^ their centers of gravity afand a,. 

^iformly increasing from the tangent ^he intercepts mm have been previ- 

to tlie cross section at the extreme fiber ^^. ^hown to be proportional to the 

«^a8 first pointed out bj /nng,* and J„cts of the applied weights by their 

W^Mquentlv by Sayno, that the radius gigtances from the center of gravity o. 

^otor of the kernel is the radius of ^^ have heretofore spokin of these 

^^«Xstanoe of the cross section measured p^ductsas the moments of the weights 

2* the axis of solicitation. This wUl ^^out their common center of gravity o. 

^iD appear from our construction bv a gut the weights in this case are areas 

"Jfethod somewhat different from that and the product of an area by a distance 

"«*etofore employed. . is a volume. Let us for convenience call 

Jung has also proposed to determine ^^^i^^^g ^ generated "stress solids." 

^lues of A, by first finding r,-and has ^he elementary stress solids obtained by 

->^en methods for finding r We shall ^lultiplying eaih elementary area by its 

'titain r by a new method which renders ^^^^^^^^^ £» ^ the neutral Ixis will cor- 

^e proposal of Jung in the highest ^g^tly represent the stresses on the dif- 

.ffree userul. i j i ferent parts of the cross section, and they 

The method heretofore emp oyed by ^j,i be contained between the cross sec- 



^nlmann and other investigators has ti^^ ^^^j ^ ^^^^ intersecting the cross 

^«en to find va ues of k first, and then ^^^^^^ ^,^„^ ^he neutral axil and mak- 

^avmg drawn the ellipse of inertia to j^g ^^ ^^gf^ ^^ 450 ^j^h the cross sec- 

^ • " RappreflenUziODi mflBche del momenti reflistenli tlOn. . 

^i ana sezione plana." Q. Jang, Kendiconti dell' Institato If ft h is the fiTrOUnd line, b b. and a. a. 

X-ombardo, 8er. 2, t, IX, 1876. No. XV. " Uomplemento „^^ ♦li * ♦^^^^o ^r ^u^ ^1«' J« K«f«™ 

^Jia nou precedente!'' No. XVI. are the traces of the planes between 
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vhicb the stress solid lies on a plaoe at 
right angles to the neutral axis. 

The distances of the centers of gravity 
of the stress solids from o are also the 
distances of the points of application of 
the resTiItant stresses, and the magnitude 
of the resultant atressea are are propor- 
tional to tbe stress solids. The stress 
solids may be considered to be some kind 
of homogeneous loading whose weight 
produces the stress upon tbe cross section. 
The moment of inertia I is tbe mo- 
ment of thia stress with respect to o. 

Now the intercept m^m, represents 
the weight of the stress solid whose 
profile is obd^. Its point of applica- 
tion is ff,, it og,=^oby Similarly the 
weight m,ni, has ita point of application 
at ff, if 05,=JoS,- And the weight Tn^m^ 
is applied in the rertical through g^ ; for 
tbe profile of this stress solid is the trape- 
zoid bfi^d^d^, and g^ is its center of grav- 
ity found geometrically. In case the 



area is divided into narrow bands paral- 
lel to the neutral axis the points of appli- 
cation coincide sensibly with the centers 
of gravity of the bands. 

Now take any pole p, and construct a 
second equilibrium polygon «edue to the 
atreas aolids applied in the verticals 
tbrough g^g^,. . 

The last two sides en, and e,n, are 
necessarily parallel and have their inter- 
section at infinity, for tbe total stress is 
a couple. 

The intercept n^n, is not drawn through 
the common center of gravity of the 
stress solida, i.e., it is not an Intercept 
on the line of the resultant stress, but 
since parallels are everywhere equidis- 
tant this intercept is proportional to the 
moment of the stresses about their center 
of gravity ; in other words ti,»i, when 
mnltipiied successively by the two polo 
distances would be /. Weshall not need 
to effect tbe multiplication. 
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Prolong c^^ to c, on the tangent to 
the extreme fiber and draw c^wjljo^tf,, 
then fw,m, represents the product of the 
total weight-area w,w, by oft,=y the dis- 
tance of the extreme fiber, or m^m is 
proportional to the volume of a stress 
solid whose base is the entire cross sec- 
tion and whose altitude is h^d^^=>oh^. 

Suppose this stress to be of the same 
sign as that at the right of o, let us com- 
bine it with the stress already treated. 
Its point of application is necessarily at 
0, and its amount is m^^ if measured 
on the same scale as the other stresses. 
Draw nfi^ Wpj^^^ then is h^ on the verti- 
cal through e the point of application of 
the combined stresses. But the com- 
bined stresses amount to a stress whose 
profile is included between d^d^ and a 
horizontal line through d^^ i.e, to a stress 
nniformly increasing from b^ to b^; hence 
^, is a point of the kernel as usually de- 
fined. 

If c^m^ be prolonged to c^ and we draw 
c,m^ lljOjW? inen mjn^ (not shown) is the 
weight of a stress solid of a uniform 
depth b^d^ over the entire cross section; 
and if we draw n^e^ || p^m^^ then will k^ 
on the vertical through e be also in like 
manner a point of the kernel, i.e. the 
point of application of a stress uniformly 
Increasing from b^ to ft,. 
, But now let us examine our construc- 
tion further in order to gain a more 
^xact understanding of what the dis- 
^ices r^=zok and r,=o^, signify. 

We have shown that m^m^ represents 

^?e product of the area of the cross *sec- 

tioix by the distance oft, of the extreme 

^'>er, i.e. the quantity Ay ; but n,w^ rep- 

^eseiits the moment of this weight when 

^Pplied at ^„ i.e. the product Ay^r^. 

-Aiso as previously shown n,w^ repre- 

®®*^t.ed I on the same scale, hence 



=:^y,r„ but I^Ak^ .-. r^=k^-^y^ 

aa^ r, is the radius of resistance pre- 
^onsiy mentioned. 

In order to determine the radius of 
Ey^'ation A;,, which is a mean proportional 
^^Ween r, and y,, describe a circle on 
^tJ^x as a diameter intersecting mm at h 
^r^.'^ oA=A;, the semi-axis of the ellipse 
^* .'iiertia conjugate to m,m. as a neutral 
?*^- The accuracy of the construction 
I® ^^sted by using ft,/:, as a diameter and 
^^ing the mean proportional between 
» and oft,. It should give the same 



result as that just obtained. In our Fig. 
both circles intersect at A. 

It is known from the symmetry of 
figure of the cross section that k^ is one 
of the principal axes. 

In similar manner we construct the 
radius of resistance, etc., when ft,ft, is 
taken as the neutral axis. 

Knowing before hand that this line 
passes through the centre of gravity, 
we have taken the weights of the area 
above it in two parts, viz.: that extend- 
ing from ft ft,, and that from ft,ft„ and 
we have taken t^/w,' and tr,'w,' respec- 
tively, as the weights of these. Choose 
any pole />,' and draw the equilibrium 
polygon c'c'x use its intercepts m*m\ 
which represent the weights of stress 
solids, as weights and with any pole p^ 
construct the second equilibrium polygon 
cV on the verticals throughthe points of 
application of the stresses. Also find 
m^m^ the product of the total area by 
the distance of the extreme fiber and 
make n,'e/ ||/>/m,'; then is k^ which is 
on the same vertical as e^ a point of the 
kernel, and ok*'=^r' the radius of resist- 
ance. Use i, ft/ as a diameter, then is 
oh'=lc/ the radius of gyration, for 

'^\ — M Vi • 

With these two principal axes thus 

determined, it is possible at once to con- 
struct the ellipse of inertia. In any case 
it will be possible to determine the direc- 
tion of the axis of solicitation correspond- 
ing to any assumed neutral axis by actual 
constniction, it being simply necessary to 
find the line through o upon which lie 
the points of application of the positive 
and negative stresses considered separate- 
ly. These axes being conjugate direc- 
tions in the ellipse of inertia, when we 
have found the radii of resistance in 
those two directions we can at once ob- 
tain the corresponding radii of gyration 
which are conjugate semi-diameters, and 
s6 draw the ellipse. 

After the ellipse is drawn the kernel 
can be readily completed by making r 
in every direction a third proportional to 
the distance of the extreme fiber and 
the radius of gyration. 

We are assisted in drawing the kernel 
by noticing that to each straight side of 
the cross section there corresponds a 
single point in the kernel, and to each 
non re- entrant angular point a side of the 
kernel, these standing m the mutual re- 
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lation of po]ar and anti-pole with respect 
to the ellipse of inertia, as shown by the 
equation J^=.ry, 

In Fig. 13 the point k corresponds to 
the left hand vertical side, the point h^ 
to the right hand veftical side, and the 
sides hjc^\ W^ to the angular points at 
the upper and lower extremities of the 
left side respectively, while the points 



k/k' at the very obtuse angular points 
of the kernel correspond to the upper 
and lower horizontal sides of the flange. 
The two remaining angular points of the 
ke;-nel correspond to tangent lines when 
they just touch the comers of the flange 
and web, while the intermediate sides 
correspond to the angles at the exti^emi- 
ties of these lines. 



Fig. 14. 




kebxsl, moments of bbsi8tancb and 
inbbtia: fbamb pencil method. 

Let the cross section treated be that 
■shown in Fig. 14, which is nearly that 
of a 56 lb. steel rail, the difference con- 
sisting only in a slight rounding at the 
angles. 

Let the cross section be divided by 
lines perpendicular to the axis of symme- 
try bb at 6„ ^3, etc., then the partial areas 
and the total area may be found by a 
summation polygon. 

Take c as the common point of the 



rays through bfiy etc., and make 01, 02, 
etc., proportional to the mean ordinates 
of the areas standing on the bases bfi^^ 
bjb^y etc. respectively. Draw «,w, || cb^^ 
^,^, II ^^,9 etc., then will the segments of 
the line uu represent the respective par- 
tial areas, and u^u^ will represent the 
total area. 

Divide the vertical line tow into seg- 
ments equal to those of the line nn, then 
is WW the weight line for finding the 
center of gravity, etc., of the cross sec- 
tion. Let a^, a„ a„ etc., be the centers 
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of gravity of the partial areas, an^ let 
V be the vertex of a frame pencil whose 
rays pass through these centers of 
gravity. Draw the equilibrating poly- 
gon da with its sides parallel to the rays 
of this frame pencil, then the ray vo 
parallel to the closing side yy of the 
equilibrating polygon determines the 
center of gravity o of the cross section, 
according to principles previously ex- 
plained. 

It will be convenient to divide the 
cross section into two parts by the verti- 
cal line oiy which we shall take as the 
neutral axis. The partial areas 6,0 and 
ab^ have a ' and a,'' as their centers of 
gravity. Make 8;u^ \\ co^ then w^ which 
\ corresponds to t/„ divides the weight 
line into two parts, representing the 
i areas each side of the neutral axis, and 
the polygon dd can be completed bv 
drawing d^d^ || va^' and d^d^ || va,". If 
has been previously shown that the 
abscissas yd represent the sum of the 
products of the weights {i,e, areas) by 
their distances from 0/ and any single 
product is the difference of two success- 
ive abscissas. Project the lengths yd 
upon the horizontal 22 by lines parallel 
to yy, then the segments of zz represent 
the products just mentioned. But these 
products are the stress solids or resultant 
stresses before mentioned. Hence zz is 
to be used as a weight line and is trans- 
r ferred to a vertical position at the left 
[ of the Fig. The points of application of 
^he resultant stresses may without sensi- 
ble error be taken at the centers of 
^vity a^a^, etc., of the partial areas ex- 
^pt in case of the segments of the web 
OD each side of o, P'or these, let og ' 
^fo^i, and ogJ'=iob^, then ^,' and gj' 
^^^ the required points of application. 

^ow with the weight line 22, which 
^^sists partly of negative loads, and 
^^t,h the same vertex v construct the 
^cond equilibrating polygon f/^ then 
^iJ^, represents the moment of inertia of 
^he cross section, it being proportional 
^^^ moment of the resultant stresses 
^•^out o. It is seen that the sides /,/, 
^?^/o/4 are so short that any small de- 
^^^tion in their directions would not 
^^atly affect the result, and that there 
T^^uld therefore have been little error if 
y^ resultant stresses in the web had 
^^n applied at a/ and a/', 
-^gain, draw dd^ || vb^, then the hori- 



zontal line dw^ (=d^d^) represents Ay^^ 
the product of the total weight tOjto^ 
(t. e. the total area of the cross sec- 
tion), by the distance of the extreme 
fiber o^j=y,. U^e this as a stress solid 
or resultant stress applied at and hav- 
ing a weight zz^=:d^d , and draw oj' Wzf^^ 
j being at the same vertical distance from 
bb as v is; then is X*^ which on Ihe same 
vertical aty, a point of the keniel. For 
k^ is such a point that the product of ok^ 
(=r ) by the weight 2z,(= Jly,) is z^f ^=1 
on tne same scale as /was previously 
measured. 

Similarly draw w^d^ \\ vb^ and make 
z^z=^d^d^\ also draw i\\\f^z^'» then is 
k^ another point of the kernel as appears 
from reasons like those just given in 
case of k . 

Use b)c^ as a diameter, then oh is a 
semi-axis of the ellipse of inertia. The 
same point h should be found by using 
kj>^ as a diameter. Anpther semi-axis 
of the ellipse of inertia with reference 
to bb as a neutral axis, and conjugate to 
oh can be determined, using the same 
partial areas, by finding the centers of 
gravity and points of application of the 
stresses of the partial areas on one side 
of bbj thejprocess being similar to that 
employed in Fig. 13, except in the em- 
ployment of the frame pencil instead of 
the equilibrium polygon. 

It is to be noticed that the closing side 
f^z^ of the second equilibrating polygon 
ff is parallel to a resultant ray which 
intersects bb at infinity, the point of ap- 
plication of the resultant of the applied 
stresses, ^. e. the stresses form a couple. 

When the ellipse of inertia has been 
found by determining the magnitude and 
direction of two conjugate axes, the ker- 
nel can be readily completed as has been 
shown in connection with Fig. 13. 

UNIFORMLY VARYING STRESS IN GENERAL. 

The methods employed in Figs. 13 
and 14 are 'applicable also to any uni- 
formly varying stress, for a stress which 
uniformly increases from any neutral 
axis X through the center of gravity of 
the cross section can be changed into a 
stress which uniformly increases from 
san^e parallel axis x* at a distance y 
from X by simply combining with the 
former a stress uniformly distributed 
over the oross-section and of such intens- 
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ity as to make the resultaDt intensity 
zero along x\ 

In the construction given in Figs. 13 
and 14 it is only necessary to use the 
proposed line x' at a distance y^ from o, 
mstead of the tangent to the extreme 
fiber at a distance y, or y, from o, when 
we wish to determine the weight or 
volume of the resultant stress solid, its 
moment about o, and its center of gravi- 
ty or application. 

Since the locus of the center of appli- 
cation of the resultant stress is the anti- 
pole of x' with respect to the ellipse of 
inertia, it is evident that when the pro- 
posed axis x' lies partly within the cross 
section the center of application of the 
resultant stress is without the kernel, 
and that when a' is entirely without the 
cross section its center of application is 
within the kernel. 

It is frequently more convenient to 
determine the center of application from 
the kernel itself than from the ellipse 
of inertia. This can be readily found 
from the equation which we are now to 
state 

in which equation Ay^ and Ay^ are the 
volumes of the stress solids which if 
uniformly distributed and compounded 
with the stress whose neutral axis is a;, 
will cause the resultant stresses to vanish 
at distances y^ and y^, respectively; 
while r„ and r^ are the distances from o 
of the respective centers of application 
of these stresses. 

The truth of the equation is evident 
from the fact that the moment about o 
of any stress solid uniformly distributed 
is zero, hence the composition of such a 
stress with that previously acting will 
leave its moment unchanged. 

From the equation just stated we 
have 

from which r^ can be found by an ele- 
mentary construction, since y^, y^ and r^ 
are known quantities. When it is de- 
sired to express these results in terms of 
the intensities of the actual stresses, 

let />p=ny^ be the mean stress; 
and let p'^n {y^+y^) be the greatest, 
and let p^^=n (yo— y,) be the least 
intensity at the extreme fiber: 



then • ny^ =p^ ' — wy, =/>/ -p, 
or wy, = ny, -;>/ =p, -/>/ 

or Po ' P.-P*' ' ' ^* ' ^0 

in which r, and r, are the two radii of 
the kernel. 

DISTRIBUTION OF SHEARING STRESS. 

It is well known that the equation 
dM= Tdz, expresses the relation of the 
total shearing stress T sustained at any 
cross section of a girder to the variation 
dM of the bending moment Jlf at a 
parallel cross-section situated at the 
small distance dz from the fir«t men- 
tioned cross section. 

We have already treated the normal 
components of the stress caused by the 
bending moment M: we shall now treat 
the tangential component or shear which 
accompanies any variation of the bend- 
ing moment. 

We shall assume as already proved 
the following equation*** which expresses 
the intensity q of the shearing stress at 
any point of the cross section: 

Iqx=TV 

in which x is the width of the girder 
measured parallel to the neutral axis at 
any distance y from the neutral axis, and 
g is the intensity of the shearing stress 
at the same distance, liu the moment of 
inertia of the cross section about the 
neutral axis, T is the total shear at this 
cross section, and V is the volume of 
that part of one of the stress solids used 
in finding the moment of inertia which 
is situated at a greater distance than y 
from the neutral axis, i.e. in Fig. 13 if 
we were finding the value of g at 6,, 
with respect to om^ as the neutral axis, 
then V would signify the stress solid 
whose profile is d^d^ b^b^. It, however, 
makes no difference whether we define V 
as the stress solid situated at the left or 
at the ri^ht of d,; for, since the tot^ 
stress solid, positive and negative, is 
zero, that on either side of any assumed 
plane is the same. 

The first step in our process is to find 
the intensity of the shear at the neutral 
axis, which we denote by q^; and if we 
also call x^ the width here and F, the 
volume of either of the two equal stress 

* See Rankine'8 Applied Mechanics. Eighth BditioD, 
Art. 809, p. 838. 
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solids between this axis and the extreme 
fiber, we have 

Iq,x,^ T F., but /= V.d 

when d is the distance between the cen- 
ters of application of the equal stress 
solids, Le.^ d is the arm of the couple of 

the resultant stresses. Also T=Aq 
when A is the total area of the cross 

section and q is the mean intensity of 
the shearing stress. Hence at the neu- 
tral axis we have the equation 

q^x^d=Aq=zT 



Now the length of the arm d is found 
in Fie. 13 by prolonging the middle side 
{i.e. the side through n,) of the second 
equilibrium polygon until it intersects 
the first side and the last. These inter- 
sections will give the position of the 
centers of gravity of the stress solids on 
either side of o. 

In Fig. 14 the same points are found 
by drawing rays from v parallel respect- 
ively to 2^/, and f^f^ until they inter- 
sect cut. 

In Fig. 15 the points f^ and f^ are 
found by either of these methods and 
f^f^^d is the required distance. 








*• Vz »•» 



.-^owin Fig. 15 let the segments uu 
? the summation polvfifon be obtained 



? the summation polygon be obtained 
Jiiat as in Fig. 14, and parallel to uu 
^^w a line through a representing the 
^^th of the cross section x^ on the same 
^le as before used in constructing the 
_^mation polvfiron. Also make «u. ii 



^^mation polygon. Also make 9u^ || 
^>^ and 8u II c/*j, c being the common 
J^int in the rays of the pencil of the 

^^mation polygon for finding the area. 

Then uu^ represents the product x^d 

^^ same scale that u^u^ represents A. 



Now draw from any point i rays to «„ 
II and u^y and also a parallel to iu^ at a 

distance q and intersecting iu at some 
point t^ such that tt^^q to such a scale 
as may be convenient. The mean intens- 
ity q is supposed to be a known quanti- 
ty, and tt^ II uu. Then from the proposed 
equation we have the proportion 



x^d 



9 'Q, 



or 



uu 



, : w,t/, : : tt, : tt^ 
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Hence W, represents the intensity of the 
shearing stress at the neutral axis on 
the same scale that tt^ represents the 
mean intensity. 

This first step of our process has de- 
termined the intensity of the stress at 
the neutral axis relatively to the mean 
stress; the second step will determine 
the intensity of the stress at any other 
point relatively to the stress at the neu- 
tral axis. When this last point is all 
that is desired the first step may be 
omitted. 

The equation Ixq= TV may be written 
xq-=c F, in which c= T-^- F is a constant. 
At the neutral axis this equation is 

In Fig. 16 lay off the segments of the 
line 2z just as m Fig. 14; then z^^ rep- 
resents the weight or volume y^\ also 
make a;0, a;2, a;3, etc., proportional to 
width of the girder at o, 6,, 6„ etc., and 
lay off 2/^=:2„r/=«,. 

Draw joO || r^z^^ then by similar tri- 
angles W 
2,2g : 2,r^ : : aO : xp 



or 



:«, :c 



•". px represents the constant c. 

Now the several segments z^^^ 2^2,, z^z^^ 
etc./represent respectively the values of 
F„ Fj, F^, or the stress solids between 
one extreme fiber and ^„ ft,, ft^, etc. ; it 
is of no consequence which extreme fiber 
is taken as the stress solid is the same 
in either case. 

Now using j9 as a pole draw rays to 
2 3 4 6 etc., and make zjr^ ||jt>2, z^r^ ||jt>:^, 
etc., then by similar triangles 

z^z^ : z^r^ : : a;2 : c, or <t,^,=cF, 

and zji^ : z^^ : : aj3 : c, or x^q^^^cY^ 

etc., etc., and z^^^ a:/,, etc., represent 
the intensity of the shearing stresses at 
63, 6„ etc. These can be constructed 
equally well by drawing rays from z^ 
parallel to the rays at />, from which we 
obtain 

«.^'=2,^> ««^'=^/s> etc- 

Now lay off *,y,=s/„ ^y,=5J,r„ etc., 
then the ordinates by of the polygon yy 
represent the intensity of the shearing 
stress on the same scale that Uz=,z^r^ rep- 
resents the intensity q^ at the neutral 
axis, and on the same scale that tt^z=zoy^ 

represents the mean intensity q. The 



lines joining y^, y„ etc., should be 
slightly curved, but when they are 
straight the representation is quite 



exact. 



RBLATIVB STRESSES. 



It is proposed here to develop a new- 
construction which will exhibit the rela- 
tive magnitude of the normal compo- # 
nents of the stresses produced by a 
given system of loading in the various 
cross- sections of a girder having a varia- 
ble cross section. The value of such a 
construction is evident, as it shows 
graphically the weakest section, and in- 
vestigates the fitness of the assumed dis- 
position of the material for sustaining 
the given system of loading. 

The constructions heretofore given 
for the kernel and moments of resistance 
at any given cross section admit of the 
immediate comparison of the normal 
components of the stresses produced in 
that single cross section when different 
neutral axes are assumed, but by this 
proposed construction, a comparison is 
effected between these stresses at any 
different cross sections of the same gird- 
er or truss. 

In the equation previously used 

M=:SI^y=i8Ak'^y=:SAr 

in which JIf is the moment of flexure 
which produces the stress S in •the ex- 
treme fiber of a cross section whose area 
is A and whose radius of resistance is r, 
we see, since the specific moment of re- 
sistance m=Ar is the product of two 
factors, that the same product can result 
from other and very different factors. 

For example, let m=Ay in which A^ 
is the area of some cross section which 
is assumed as the standard of comparison^ 
and r^=^r-f--^„=ar, when a=A-^A^. 
Then is Ay the specific moment of re- 
sistance of a cross section of an assumed 
area A^ which has a different disposition 
of material from that whose specific 
moment of resistance is -4r, but the 
cross sections A and A^ are equivalent 
to each other in this sense, that they 
have the same specific resistance, and 
consequently the same bending moment 
will produce ' equal stresses in the 
extreme fiber in each. 

The two cross sections do not have 
the same moment of inertia, and so the 
deflections of the girder would be 
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necting the points ocy as shown in the 
Fig., and suppose the weights applied 
at the points yy of the lower chord, the 
points of support being at y^ and y^. 
Then by a method like that employed in 
Fig. 3, we obtain the tQtal stresses ea^^ 
ea„ 6a^, etc., in the segments of the 
upper chord which are opposite to y^, y,, 
y„ etc. Now these total stresses are 
resisted by a cross section of constant 
area A^^ consequently they have the 
same ratio to one another as the intensi- 
ties per square unit; or further, they 
represent, as we have just shown, the 
relative intensities of the stresses on the 
extreme fiber of the given girder. 

It is well known from mechanical 
considerations, that the stress in the 
several segments of the upper chord is 



dependent upon the loading and upon 
the position of y„ y,, etc., and is not 
dependent upon the position of the 
joints in the upper chord. Of this fact 
we offer the following geometrical proof 
derived from the known relations be- 
tween the frame and force polygons. 

We knpw, if any joint of the upper 
chord, such as eajb^ for example, be re- 
moved to a new position, such as t?, that 
so long as the weights c^c,, c,c„ etc., are 
unchanged, that the vertex b^ of the tri- 
angle eaj}^ in the force polygon must \>e 
found on the force line c^f^ \\ y^y^. We 
shall show that while the side ea^ is un- 
changed, the locus of h^ is the force line 
c /,; hence conversely, so long as c^f^ is 
the locus of 6,, ea^ is unchanged, since 
there can be but one such triangle. 




In Fig. 1 7 let the two triangles abe^ hnky 
have the sides meeting at b and n 
mutually parallel. Let the bases ae and 
hk be invariable but let the vfertex b be 
removed to any point d such that bd \\ hky 
then will the vertex n be removed to a 
point ni such that mn || de. 

For, prolong ad and eb, and draw 
bf\\ed and dc\\aby then is abfcdea a 
hexagon inscribed in the conic section 
consisting of the two lines of and 6c, 
hence by Pascal's Theorem, the oppo- 
site diagonals ea and o/* intersect on the 
same line as the remaining pairs of oppo- 
site diagonals, ab \\ dc and ed\\ bf. But 
this line is at infinity, hence cf\\ ae. 
Also cy^ II cf, from elementary considera- 
tions; and c'f II mn from similarity of 



figures, hence mn jj ae. There are two 
cases, according as mn is above or below 
bk, but we have proved them both. 

Now in Fig. 16 let all the joints in the 
upper chord be removed to v, then the 
segments ea,, d^ct^y etc., are unchanged, 
hence ea,, ea^, etc. are unchanged, and 
the assumed framing reduces to the 
frame pencil whose vertex is v. The 
corresponding force polygon is the 
equilibrating polygon ad. 

Hence the frame pencil can be used as 
the assumed framing just as well as any 
other form of framing, and it is unneces- 
sary to use any construction except that 
of the frame pencil and equilibrating 
polygon for finding the relative stresses 
ea,, ea„ etc. 



NOTE A. 
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The truth of Proposition IV is, perhaps, not 
sufficiently established in the demonstration 
heretofore given. As it is a fundamental pro- 
position in the graphical treatment of arches, 
and as it is desirable that no doubt exist as to 
its validity, we now offer a second proof of it, 
which, it is thought, avoids the difficulties of 
the former demonstration. 

Prop. IV. If in any arch that equilibrium 
polygon (due to the weights) be constructed 
which has the same horizontal thrust as the 
arch actually exerts ; and if its closing line be 
drawn from considerations of the conditions 
imposed by the supports, etc ; and if, further- 
more, the curve of the arch itself be regarded 
as another equilibrium polygon due to some 
system of loading not given, and its closing 
line be also found from the same considera- 
tions respecting supports, etc. ; then when 
these two polygons are so placed that their 
closing lines coincide, and their areas partially 
cover each other, the ordinates intercepted be- 
tween these two polygons are proportional to 
the real bending moments acting in the arch. 

The bending moments at every point of an 
arch are due to the applied forces and to the 
shape of the arch itself. 

Tlie applied forces are these : the vertical 
forces, which comprise the loading and the 
vertical reactions of the piers; the horizontal 
thrust ; and the bending moments at the piers, 
caused by the constraint at these points of sup- 



port. The loading may cause all the other ap- 
plied forces or it may not: in any case the 
bending moments am unaffected by the de- 
pendence or want of ffcpendence of me thrust, 
etc. , upon the loading. 

Now, so far as the loading and the moments 
due to the constraint at the piers are concerned, 
they cause the same bending moments at any 
point of the arch as they would when applied 
to a straight girder of the same span, for 
neither are the forces nor their arms different 
in tbe two cases. 

But the horizontal thrust^ which is the 
same at every point of the arch, causes a 
bending moment proportional to its arm, 
which is ihe distance of its line of ap- 
plication from the curve of the arch. This 
line of application is known to be the closing 
line; hence the ordinates which represent the 
bending moments due to the horizontal thrust, 
are included between the curve of the arch and 
a closing line drawn in such a manner as to 
fulfill the conditions imposed by the Joints or 
kind of support at the piers, hence the curved 
neutral axis of the arch is the equilibrium or 
moment polygon due to the horizontal thrust. 

But the same conditions fix both the closing 
line of the equilibrium polygon which repre- 
sents the bending moments aue to the loading 
and to the constraint at the piers, and the clos- 
ing line of the equilibrium polygon due to the 
horizontal thrust Hence the resultant bend- 
ing moment is found by taking the difference 
of the ordinates at each point, or by laying 
them off from one and the same closine line 
exactly as described in the statement of our 
proposition. 
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AttentiOQ should be directed to the 
senses in which M Is used in our fuDdamentat 
[oimujoe. 

In equKtian (3) the primar; signification of 
M is Ihis ; it is the numerical amount of the 
hending moment at the point 0; and If tills 
magnitude be laid off aa an ordinsle, ym is the 
fraction or multiple of it found by equation (it). 

Now M assumes, in the equHtions (D). (4), (Sj 
ud (SO, (4'), (5';^ a sti;;htlj different and sec- 
ondaiy Higniflca^on; viz., Ihe intensi^ of the 
bending moment at 0. Tlio iDtensity of the 
bending moment is the amount distributed 
mlong a unit in length of a girder, and may be 
exactly obti^ned as follows : 

M=J^Mdx, .: Sl(M)=/'Mdx. 

In , this secondary sense. M is )^ometrically 
rep'reseDted by an area one unit wide, and liav- 
iog for its height the average value which 
ordinate M, as flm found, has aloog the unit 
considered. 

Thus the M used in the equaliong of curva- 
ture, bending and detlection Is one dimension 
higher than that used in the equation express- 
ing the moment of the applied forces; but the 
double sense need cause no confusion, and is 
well suited to expreis in the shortest manner 
ttie quantities dealt with in our investigation. 

Purthermore, in case of an inciioed girder 
»ucb as is treated in Prop. V, if the liending 
moment M, which causes the deflection (here 
treated, be represented, it must appear as ao 
area between two normals to the jnrder which 
are at the distance of one unit apart. 

Id order to apply Prop. V to inclined and 
curved girders, such as constitute the arch, 
with entire exactness, one more proposition is 
needed. 

Prop. If weights be su.stalncd by an in- 
clined girder, and the amount of the deflection 
of thin girder, which is caused by the weights, 
be compared with the deflection of an hori- 



zontal girder of the same cross section, and of 
the same horiitonlal span, and dcHecIcd by the 
same weights applied In the same verticals ; 
the vertical component of Hie deflection of 
tbe inclined girder, at any point O, is equal to 
the corresponding vertical deflection of the 
horizontal girder, multiplied by tlie secant of 
the inclinaliOD. 

For the bending moment of b<>tli the inciioed 
girder and the horizontal girder is the same in 
the same vi-rtical, but the distance along tbe 
inclined girder exceeds that along the hori- 
itontai girder in tbe ratio of the secant of the 
inclination to unity; hence the respective mo- 
ment areas have this same ratio;' therefore tbe 
deflections at right angles to the rcipective 

S'rders of their corresponding points are in 
e ratio of the square of the Hocant to unity; 
and the vertical components of the deflections 
are therefore in the ratio of the secant of the 
inclinatioD to unity. 



arch, it will be necessary 
the ordinate of the moment poly- 
gon at each point by multiplying by the secant 
of the inclinatiun of thit arch at that point 
This is easily effected wlien the ordinales are 
vertical by drawing nonn.ils at each point of 
the arch ; tlien the distance along the normal 
whose vertical component is the bending mo- 
ment is the value of Mlo be used in delermin- 
iug tbe deflection. 

In the arches whicli we have treated the 
rise is so .small a fraction of the span that Uie 
secant of the inclination at any point does not 
greatly exceed unity; or, to state it otherwise, 
Mie length of the arch differs by a compara- 
tively smalt quantity from tbe actual span. It 
._ _ _. — approximation under sucli circum- 
use the moments tliemeelves in de- 
termining the deflections; and we have so used 
them in our constructions, A more accurate 
result can be obtained liy multiplying each 
ordinate by Ihe secant of the inclination of 
the arcb at that point to the borizoa 
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Stress iiicludeR all action and reaction 
of bodies and parts of bodies by attrac- 
tion of gravitation, cohesion, electric 
repulsion, contact, etc., viewed espe- 
cially as distributed among the particles 
composing the body or bodies. Since 
action and reaction are necessarily equal, 
stress is included under the head of 
Statics, and it may be defined to be the 
equilibrium of distributed forces. 

Internal stress may be defined as the 
action and reaction of molecular forces. 
Its treatment by analytic methods is 
necessarily encumbered by a mass of 
formulae which is perplexing to any ex- 
cept an expert mathematician. It is 
necessarily so encumbered, because the 
treatment consists in a comparison of 
the stresses acting upon planes in vari- 
ous directions, and such a comparison 
involves transformation of quadratic 
functions of two or three variables, so 
t.hat the final expressions contain such 
u tedious array of direction cosines that 
^tcn the mathematician dislikes to em- 
ploy them. 

Now, since the whole difficulty really 
lies in the unsuitability of Cartesian co- 
ordinates for expressing relations which 
are dependent upon the parallelogram of 
forces, and does not lie in the relations 
themselves, which are quite simple, and, 
which no doubt, can be made to appear 
80 in quaternion or other suitable nota- 
tion; it has been thought by the writer 
that a presentation of the subject from a 
graphical stand point would put the 



entire investigation within the reach of 
any one who might wish to understand 
it, and would also be of assistance to 
those who might wish to read the analyt- 
ic investigation. 

The treatment consists of two princi- 
pal parts: in the first part the inherent 
properties of stress are set forth and 
proved by a general line of reasoning 
which entirely avoids analysis, and 
which, it is hoped, will make them well 
understood; the second part deals with 
the problems which arise in treating 
stress. These problems are solved 
graphically, and if analytic expressions 
are given for these solutions, such ex- 
pressions will result from elementarv 
considerations appearing in the graphi- 
cal solutions. The constructions by 
which the solutions are obtained are 
many of them taken from the works of 
the late Professor Rankine, who em- 
ployed them principally as illustrations, 
and as auxiliary to his analytic investi- 
gations. 

It is thus proposed to render the 
treatment of stress exclusively graphical, 
and by so doing to add a branch to the 
science of Graphical Statics, which has 
not heretofore been recognized as sus- 
ceptible of graphical treatment. It 
seems unnecessary to add a word as to 
the importance, not to say necessity, to 
the engineer of a knowledge of the 
theory of combined internal stress, since 
all correct designing presupposes such 
knowledge. 
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Stress on a Plane, — " If a body be 
conceived to be divided into two parts 
by an ideal plane traversing it in any 
direction, the force exerted between 
those two parts at the plane of division 
is an internal stress,'*'* — JRankine, 

A State of Internal Stress is such 
a btate that an internal stress is or may 
be exerted upon ever^ plane passing 
through a point at which such a state 
exists. 

It is assumed as a physical axiom that 
the stress upon an ideal plane of divi- 
sion which traverses any given point of 
a body, cannot change suddenly, either 
as to direction or magnitude, while that 
plane is gradually turned in any way 
about the given point. It is also as- 
sumed as axiomatic that the stress at 
any point upon a moving plane of divi- 
sion which undergoes no sudden changes 
of motion, cannot change suddenly 
either as to direction or amount. A 
sudden variation can only take place at 
a surface where there is a change of 
material. 

GENERAL PROPERTIES OF PLANE STRESS. 

We »hall call that stress a plane stress 
which is parallel to a plane; e.g., let the 
plane of the paper be this plane and let 
the stress acting upon every ideal plane 
which is at right angles to the plane of 
the paper be parallel to the plane of the 
paper, then is such a stress a plane 
stress. 

The obliquity of a stress is the angle 
included between the direction of the 
stress and a line perpendicular to the 
ideal plane it acts upon. This last 
plane we shall for brevity call the plane 
of action of the stress, and any line 
perpendicular to it, its normal. In plane 
stress, the planes of action are shown by 
their traces on the plane of the paper, 
and then their normals, as well aH their 
directions, the magnitudes of the stresses, 
and their obliquities are correctly rep- 
resented by lines in the plane of the 
paper. 

The definition of stress which has 
been given is equivalent to the state- 
ment that stress v& force distributed over 
an area in such wise as to be in equili- 
brium. 

In order to measure stress it is neces- 
sary to express its amount per unit of 



area: this isiballed the intensity of the 
stress. 

Stress, like force, can be resolved into 
components. An oblique stress can be 
resolved into a component perpendicular 
to its plane of action called the normal 
component^ and a component along the 
plane called the tangential componcfit or 
shear. 

When the obliquity is zero, the entire 
stress is normal stress, and may be either 
a compression or a tension, t.€., a thrust 
or a pull. When the obliquity is ±90'^, 
the stress consists entirely of a tangen- 
tial stress or shear. If a compression be 
considered as a positive normal stress, it 
is possible to consider a normal tension 
as a stress whose obliquity is +180**, 
and the obliquities of two shears having 
opposite signs, also differ by ISO**. 



Fig.l 




Conjugate Stresses. — If in Fig. 1 

any state of stress whatever exists at o, 

and axe be the direction of the stress on a 

plane of action whose trace is yy, then is 

yy the direction of the stress at o on the 

plane whose trace is xx. Stresses so 

related are said to be conjugate stresses. 

For consider the effect of the stress 
upon a small prism of the body of which 
a^a^a^a^ is a right section. If the stress 
is uniform that acting upon a^a^ is equal 
and opposed to that acting upon a/i^j 
and therefore the stress upon these 
faces of the prism are a pair of forces in 
equilibrium. Again, the stresses upon 
the four faces form a system of forces 
which are in equilibrium, because the 
prism is unmoved by the forces acting 
upon it. But when a system of forces 
in equilibrium is removed from a sys- 
tem in equilibrium, the remaining forces 
are in equilibrium. Therefore the re- 
moval of the pair of stresses in equili-' 
brium acting upon a,a^ and a^a^ from 
the system of stresses acting upon the 
four faces, which are also in equilibrium, 
leaves the stresses upon a^a^ and a^a^ in 
equilibrium. But if the stress is uni- 
form, the stresses on a^a^ and a^a^ must 
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be parallel to yy^ as otherwise a oouple 
mast result from these equal but not 
directly opposed stresses, which is in- 
consistent with equilibrium. 

This proves the fact of conjugate 
stresses when the state of stress is uni- 
form: in case it varies, the prism can be 
taken so small that the stress is sensibly 
nniform in the space occupied by it, and 
the proposition is true for varying stress 
in case the prism be indefinitely dimin- 
ished, as may always be done. 



Fig. 2 




Tahpbntial Stkessbs. — If in Fig. 2 

the stress at o on the plane xx is in the 

direction asx, Le, the stress at o on a» 

consists of a shear only; then there 

necessarily exists some other plane 

through o, as yy, on which the stress 

consists of a shear only, and the shear 

upon each of the planes ocx and yy is of 

the same intensity, but of opposite sign. 

For let a plane which initially coin- 
cides with XX revolve continuously 
through 180" about o, until it again co- 
incides with xXy the obliquity of the 
stress upon this revolving plane has 
^hanged gradually during the revolution 
^ through an angle of 360°, as we shall 
^Vsow. 

Since the obliquity is the same in its 
nal as in its initial position, the total 
bange of obliquity during the revolu- 
ion IS 0° or some multiple of 360°. It 
^^annot be 0**, for suppose the shear to be 
^due to a couple of forces parallel to a», 
Slaving a positive moment; then if the 
;%)lane be slightly revolved from its 
initial position in a plus direction, the 
stress upon it has a small normal com- 
ponent which would be of opposite sign, 
if the pair of forces which cause it were 
reversed or changed in sign ; or, what is 
equivalent to that, the sign of the small 
normal component would be reversed if 
the plane be slightly revolved from its 
initial position in a minus direction. 
Hence the plane axe, on which the stress 



is a shear alone, separates those planes 
through o on which the obliquity of the 
stress is greater than 90"* from those on 
which it is less than 00°, t.e., those hav- 
ing a plus normal component from those 
having a minus normal component. 

Since in revolving through + 1 80° the 
plane must coincide, before it reaches its 
final position, with a plane which has 
made a slight minus rotation, it is evi- 
dent that the sign of the normal com- 
ponent changes at least once during a 
revolution of 180°. But a quantity can 
change sign only at zero or infinity, and 
since an infinite normal component is 
inadmissible, the normal component 
must vanish at least once during the 
proposed revolution. Hence the obliq- 
uity is changed bv 360° or some multi- 
ple of 360° while the plane revolves 180**. 
In fact the normal component vanishes 
but once, and the obliquity changes by 
once 360° only, during the revolution. 

It is not in every state of stress that 
there is a plane on which there is no 
stress except shear, but, as just shown, 
when there is one such plane xx there is 
necessarily another yy, and all planes 
through o and cutting the angles in 
which are h^ and 6, have normal com- 
ponents of opposite sign from planes 
through o and cutting the angles in 
which are 6, and b^. 

To show that the intensity of 
the shear on xx is the same as 
that on yy^ consider a prism one unit 
long and having the indefinitely small 
right section hfijbjb^. Let the area of 
its upper or lower face be a,=6,ft„ that 
of its right or left face be «,=^a^„ then 
a^8^ and a,«, are the total stresses on 
these respective faces if t*^ and 5, are the 
intensities of the respective shears per 
square unit. Let the angle xoy=i, then 

a,«j . a, sin. i 

is the moment of the stresses on the 
upper and lower faces of the prism, and 

a,5, . a, sin. * 

is the moment of the stresses on the 
right and left faces; but since the prism 
is unmoved these moments are equal. 

These stresses are at once seen to be 
of opposite sign. 
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Tangbntial Components. — In Fig. 3 
if aa and yy are any two planes at right 
angles to each other, then the intensity 
at o of the tangential component of the 
stress upon the plane axe is necessarily 
the same as that upon the plane yy, but 
these components are of opposite sign. 

For the normal components acting 
upon the opposite faces of a right prism 
are necessarily in equilibrium, and by a 
demonstration precisely like that just 
employed in connection with Fig. 2 it is 
seen that for equilibrium it is necessary 
and sufficient that the intensity of the tan- 
gential component on xx be numerically 
equal to that on yy, but of opposite 
sign. 

Statk of Stress. — In a state of plane 

stress, the state at any point, as o, is 

completely defined, so that the intensity 

and obliquity of the stress on any plane 

traversing o can be determined, when 

the intensity and obliquity of the stress 

on any two given planes traversing that 

point are known. 

For suppose in Fig. 4 that the intensi- 
ty and obliquity of the stress on the 
given planes xx and yy are known, to 
find that on any plane x'x' draw 
ran \\ x'x' then the indefinitely small 
prism one unit in length whose right 
section is mno^ is held in equilibrium by 
the forces acting upon its three faces. 
The forces acting upon the faces om and 
on are known in direction from the 
obliquities of the stresses, and, if jyx and 
Py are the respective intensities of the 
known stresses, then the forces are 
offi.px and 07i,py respectively. ITie re- 
sultant of these forces and the reaction 
which holds it in equilibrium, together 
constitute the stress acting on the face 
m7i: this resultant divided by mn is the 
intensity of the stress on mfi and its 



direction is that of the stress on mn or 



x'x\ 



Fig. 4 




It should be noticed that the stress at 
on two planes as xx and yy cannot be 
assumed at random, for such assumption 
would in general be inconsistent Mrith 
the properties which we have shown 
every state of stress to possess. For in- 
stance we are not at liberty to assume 
the obliquities and intensities of the 
stresses on xx and yy such that when 
we compute these quantities for any 
plane x'x' and another plane y'y' at 
right angles to x^x' in the manner just 
indicated, it shall then appear that the 
tangential components are of unequal 
intensity or of the same sign. Or, again, 
we are not at liberty to so assume these 
stresses as to violate the principle of con- 
jugate stresses. 

But in case the stresses assumed are 
conjugate, or consist of a pair of shears 
of equal intensity and different sign on 
any pair of planes, or in case any stresses 
are assumed on a pair of planes at right 
angles such that their tangential compo- 
nents are of equal intensity but different 
sign, we know that we have made a con- 
sistent assumption and the state of stress 
is possible and completely defined. 

The state of stress is not completely 
defined when the stress upon a single 
plane is known, because there may be 
any amount of simple tension or com- 
pression along that plane added to the 
state of stress without changing either 
the intensity or obliquity of the stress on 
that plane. 

Principal Stresses. — In any state of 
stress there is one pair of conjugate 
stresses at right angles to each other, i,e, 
there are two planes at right angles on 
which the stresses are normal only. 
Stresses so related are said to be princi- 
pcU stresses. 



IN GRAPHICAL STATICS. 



107 



It has been previously shown that if 
a plane be taken in any direction, and 
the direction of the stress acting on it be 
found, then these are the directions of a 
pair of conjugate stresses of which either 
may be taken as the plane of action and 
the other as the direction of the stress 
acting upon it. 

Consider first the case in which the 
state of stress is defined by a pair of 
conjugate stresses of the same sign; i,e.y 
the normal components of this pair of 
conjugate stresses are both compressions 
or both tensions. 

It is seen that they are of opposite 
obliquities, and if a plane which initially 
coincides with one of these conjugate 
planes of action be continuously revolved 
until it finally coincides with the other, 
the obliquity must pass through all in- 
termediate values, one of which is C, and 
when the obliquity is 0"* the tangential 
component of the stress vanishes. But 
as has been previously shown there is 
another plane at right angles to this 
which has the same tangential compo- 
nent; hence the stress is normal on this 
plane also. 

Consider next the case in which the 
pair of conjugate stresses which define 
the state of stress are of opposite sign, 
t.e., the normal component on one plane 
b a compression and that on the other 
a tension. 

In this case there is a plane in some 
intermediate position on which the stress 
18 tangential only, for the normal com 
ponent cannot change sign except at 
zero. It has been previously shown that 
in case th^re is one plane on which the 
stress is a shear only, there is another 
plane also on which the stress is a shear 
only, and that this second shear is of 
^Qal intensity with the first but of 
opposite sign. Let us consider then that 
the state of stress, in the case we are 
now treating, is defined by these oppo- 
^te shears instead of the conjugate 
stresses at first considered. 

Now let a plane which initially coin- 
<)ides with one of the planes of equal 
shear revolve continuously until it finally 
coincides with the other. The obliquity 
gntdually changes from +90' to — 90 , 
during the revolution, hence at some 
intermediate point the obliquity is 0°; 
And since the tangential component has 
the same intensity on a plane at right 



angles to this, that is another plane on 
which the obliquity of the stress is also 
0\ 

We have now completely established 
the proposition respecting the existence 
of principal stresses which may be 
restated thus: 

Any possible state of stress can be 

completely defined by a pair of normal 

stresses on two planes at right angles to 

each other. 

As to the direction of these principal 
planes and stresses, it is easily seen from 
considerations of symmetry that in case 
the state of stress can be defined by 
equal and opposite shears on a pair of 
planes, that the principal planes bisect 
the angles between the planes of equal 
shear, for there is no reason why they 
should incline more to one than to the 
other. We have before shown that the 
planes of equal shear are planes of 
separation between those whose stresses 
have normal components of opposite 
sign : hence it appears that the principal 
stresses are of opposite sign in any state 
of stress which can be defined by a pair 
of equal and opposite shears on two 
planes. 

It will be hereafter shown how the 
direction and magnitude of the principal 
stresses are related to any pair of con- 
jugate stresses. 

For convenience of notation in discuss- 
ing plane stress let us denote compression 
by the sign + , and tension by the sign 

• 

Let us also call that state of stress 
which is defined by equal principal 
stresses of the same sign a fluid stress. 
A material fluid can actually sustain 
only a + fluid stress, but it is convenient 
to include both compression and tension 
under one head as fluid stress, the proper- 
ties of which we shall soon discuss. 

Let us call a state of stress which is 
defined by unequal principal stresses of 
the same sign an oblique stress. This 
may be taken to include fluid stress as 
the particular case in which the ine- 
quality is infinitesimal. In this state of 
stress there is no plane on which the 
stress is a shear only, and the normal 
component of the stress on any plane 
whatever has the same sign as that of the 
principal stresses. 

Furthermore let us call that state 
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of Stress which is defined by a pair 
of sheariDg stresses of equal intensity 
and different sign on two planes at 
right angles to each other a right 
shearing stress. We shall have occasion 
immediately to discuss the properties of 
this kind of stress, but we may advan- 
tageously notice one of its properties in 
this connection. It has been seen pre 
viously from considerations of symmetry 
that the principal stresses and planes 
which may be used to define this state 
of stress, oisect the angles between ^the 
planes of equal shear. Hence in right 
shearing stress the principal stresses 
make angles of 45*" with the planes of 
equal shear. We can advance one step 
further by considering jhe symmetrical 
position of the planes of equal shear with 
respect to the principal stresses and 
show that the principal stresses in a state 
of right shearing stress are equal but of 
opposite sign. 

We wish to call particular attention 
to fluid stress and to right shearing stress, 
as with them our subsequent discussions 
are to be chiefly concerned : they are the 
special cases in which the principal 
stresses are of equal intensities, in one 
case of the same sign, in the other case 
of different sign. 

Let us call a state of stress which 
is defined by a pair of equal shearing 
stresses of opposite sign on planes 
not at right angles an oblique shear- 
i7ig stress. The principal stresses, which 
in this case are of unequal intensity 
and bisect the angles between the 
planes of equal shear, are of opposite 
sign. A right shearing stress may be 
taken as the particular case of oblique 
shearing in which the obliquity is in- 
finitesimal. 

We may denote a state of stress as + 
or ~ according to the sign of its larger 
principal stress. 




be yy two planes at right angles, on 

which the stress at o is normal, of equal 

intensity and of the same sign; then the 

stress on any plane, as x^x\ traversing o 

is normal, of the same intensity and 

same sign as that on oex or f/f/. 

P^or consider a prism a unit long and 
of infinitesimal cross section having the 
face mn || x'x\ then the forces ^« and^ , 
acting on the faces oni and on are such 
that 

fx'fv'' om : on. 

Now 7im=^/om*-\-on*y and the result- 
ant force which the prism exerts against 
ntn is 

But fx -T-om is the intensity of the 
stress on xx and f-^mn is the intensity 
of the stress on x^x\ and these are equal. 
Also by similarity of triangles the result- 
ant/ is perpendicular to mn. 




Fi/JiD Stress. — In Fig. 5 let aas and 



Right Shearing Stress. — In Fig. 6> 

let XX and yy be two planes at right 

angles to each other, on which the stress 

is normal, of equal intensity, bat of 

opposite sign; then the stress on any 

plane, as x*x\ traversing o is of the same 
intensity as that on xx and yy^ but its 

obliquity is such that xx and yy respect- 
ively, bisect the angles between the 
direction rr of the resultaQt stress, and 
the normal y'y' to its plane of action. 

For, if the intensity of the stress on 
x*x' be computed in the same manner as 
in Fig. 5, the intensity is found to be the 
same as that on xx ox yy\ for the stresses 
to be combined are at right angles and 
are both of the same magnitude. The 
only difference between this case and 
that in Fig. 5 is this, that one of the 
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component stresses, that one normal to , Component Stresses. — Any possible 
yy say, has its sign the opposite of that j state of stress defined by principal 
in Fig* 6. In Fig. 6 the stress on x'x' | stresses whose intensities are p^ and 
waH in the direction y y\ making a cer- , , , resoect- 

tain angle yoy' with yy. In Fig. 6 the ^^ ^".^*'^ Pj^^f* ^^ *°^ ^^^ respect- 
resultant stress on a;V must then make i ively is equivalent to a combination 



an equal negative angle with yy, so that 
yor=.yoy\ Hence the statement which 
has been made respecting right shearing 
stress is seen to be thus established. 

C«>MBINATION AND SEPARATION. Any 

states of stress which co&xist at the same 
point and have their principal stresses in 
the same directions xx, and yy combine 
to form a single state of stress whose 
principal stresses are the sums of the re- 
spective principal stresses lying in the 
same directions vx and yy : and con- 
versely any state of stress can be separ- 
ated into several coexistent stresses by 
separating each of its two principal 
stresses into the same number of 
parts in any manner, and then grouping 
these parts as pairs of principal stresses 
in any manner whatever. 

The truth of this statement is nec- 
essarily involved in the fact that stresses 
are forces distributed over areas, and that 
as a state of stress is only the grouping 
together of two necessarily related 
stresses, they must then necessarily fol- 
low the laws of the composition and 
resolution of forces. 

For the sake of brevity, we shall use 
the following nomenclature of which the 
meaning will appear without further ex- 
planation. 

The terms applied to The terms applied to 
forces and stresses are : states of stress are : 



Compound^ 

Composition^ 

Component^ 

Resolve, 

Resolution, 

Resultant, 



Combine, 
Combination, 
Component state. 
Separate, 
Separation, 
Resultant state. 



Other states of stress can be combined 
besides those whose principal stresses 
coincide in direction, but the law of 
combination is less simple than that of 
the composition of forces; such combi- 
nations will be treated subsequently. 



of the fluid stress whose intensity is 
4-i(/>« + Py) on each of the planes xx 
and yy respectively, and the right shear- 
ing stress whose intensity is + i(/)« — jpy ) 
on XX and — J(/>aj — Py) on yy. 

For as has been shown, the resultant 
stress due to combining the fluid stress 
with the right shearing stress is found 
by compounding their principal stresses. 
Now the stress on xx is 

i(Px + /> + i(r« -Pv )=Px 
and that on yy is 

HPx -^ Pv)'-HP»-Pv)=Pif 

and hence these systems of principal 
stresses are mutuallv equivalent 

In case py = 0, the stress is complete- 
ly deflned by the single principal stress 
px , which is a simple normal compression 
or tension on xx. Such a stress has been 
called a simple stress. 

A fluid stress and a right shearing 
stress which have equal intensities com- 
bine to form a simple stress. 

It is seen that the definition of a 
state of stress bv its principal stresses, 
is a definition of it as a combination of 
two simple stresses which are perpendicu- 
lar to each other. 

There are many other ways in which 
any state of stress can be separated into 
component stresses, though the separa- 
tion into a fluid stress and a right shear- 
ing stress has thus far proved more use- 
ful than any other, hence most of our 
graphical treatment will depend upon it. 
It may be noticed as an instance of a 
different separation, that it was shown 
that the tangential components of the 
stresses on any pair of planes xx and yy 
at right angles to each other are of equal 
intensity but opposite sign. These 
tangential components, then, together 
form a right shearing stress whose prin- 
cipal planes and stresses x'x' and y'y' 
bisect the angles between xx and yy^ 
while the normal components together 
define a state of stress whose principal 
stresses are, in general, of unequal in- 
tensity. 
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Hence any state of stress can be sepa- 
rated into component stresses one of 
which is a right shearing stress on any 
two planes at right angles and a stress 
having those planes for its principal 
planes. 

The fact of the existence of conjugate 
stresses points to still another kind of 
separation into component stresses. 



PROBLEMS IN PLANE STRESS. 

Problem 1. — When a state of stress is 
defined by principal stresses which are 
of unequal intensity and like sign, Le.^ in 
a state of oblique stress, to find th(^ in- 
tensity and obliquity of the stress at o 
on any assumed plane in the direction 



Fig. 7. 




In Fig. 7 let the principal stresses at o 
be a on yy and h on xx ; and on some 
convenient scale of intensities let oa=a 
and ob=b. Let uv show the direction 
of the plane through o on which we are 
to find the stress, and make on perpendic- 
ular uv. Make oa*-=-oa ana oV-^oh. 
Bisect a*V at w, then on=J(a-|-6) and 
;ia'=:^(a— 6). Make xol=x(>n and com- 
plete the paralellogram nonir; then is 
the diagonal or=r the resultant stress 
on the given plane in direction and in- 
tensity. 

The point r can also be obtained more 
sinaply by drawing b'r\\xx and aV || yy. 

We now proceed to show the correct- 
ness of the constructions given and to 
discuss several interesting geometrical 
properties of the figure which give to it 
a somewhat complicated appearance, 
which complexity is, however, quite un- 
necessary in actual construction, as will 
be seen hereafter. It has been shown 



that a state of stress defined by its two 
principal stresses a and b can be separ- 
ated into a fluid stress having a normal 
intensity i(a-^b) on every plane, and a 
right shearing stress whose principal 
stresses are +J(a— ^) and —^{a—b) re- 
spectively. 

Since the fluid stress causes a normal 
stress on any given plane, its intensity is 
rightly represented by <>«=i(a-h6), 
which is the amount of force distributed 
over one unit of the given plane. Since, 
further, it was shown that a right shear- 
ing stress causes on any plane a stress 
with an obliquity such that the principal 
stress bisects the angle between its direc- 
tion and the normal to the plane, and 
causes a stress of the same intensity on 
every plane, we see that 07/i=J(a— 6) 
represents, in direction and amount, the 
force distributed over one unit of the 
given plane which is due to the right 
shearing stress. 
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To find the resultant stress we have 
only to compound the forces o?i and om, 
wbioh give the resultant (>r=r. 

The obliquity nor is always toward 
the greater principal stress, which is here 
assamed to be a. 

It is seen that in finding r by this 
method it is convenient to describe one 
circle about o with a radius o/=i(a + 5) 
and another with a radius og-^^^{a—b)y 
after which any parallelogram rnn can 
be readily completed. Let nr and mr 
intersect xx and yy in hk and ij respect- 
ively; then we have the equations of 
angles, 

noh = nho = ^hio, nok = nko = ^hno^ 
fnoi=fnio^=^J7nOy moj=mjo=iimOy 
hence hn=kn=07i=:^{a-^b) 

.'. hk=a-hbj 
and rk=^r;=ay rh=:ri=b. 

It is well known that a fixed point r 

^^ a line of constant length as hk=a-{-b, 

Or tj=a—b describes an ellipse, and 

^^ch an arrangement is called a trammel. 

^^ X and y are the coordinates of the 

Point Ty it is evident from the figure that 

^==:acosam, y=bB\nxny in which am 

^^.^nifies the angle between xz and the 

^^:)rmal ofi. 

•^'^ -;+^=li8 the equation of the stress 
a 0* 

^Jllipse which is the locus of r; and xn is 
^ ^ len the eccentric angle of r. Also, since 
.oh=nhOy nb'r=^nrb'\ hence b'r || xxand 
/r II yy determine r. 

In this method of finding r it is con- 
venient to describe circles about o with 
lii a and 6, and from a' and V where 
.he normal of the given plane intersects 
^hem find r. 

We shall continue to use the notation 
employed in this problem, so far as ap- 
l)licable, so that future constructions 
may be readily compared with this. It 
will be convenient to speak of the angle 
^on as xn, nor as nr^ etc. 

Pboblem '2. — When a state of stress is 
defined by principal stresses of unequal 
intensity and unlike sign, i.e. in a state 
of oblique shearing stress, to find the in- 
tensity and obliquity of the stress at o 
On any assumed plane having the direc- 
tion uv. 



In Fig. 8 the construction is effected 
according to both the methods detailed 
in Problem 1, and it will be at once ap- 
prehended from the identity of notation. 

Since a and b are of unlike signs a+b 
=^on is numerically less than a—b^a'b'. 

The results of t^ese two problems are 
expressed algebraically thus: 

r«=J(a-f6)*+i(a~6)'-fi(a'~6')co8 2ajn 

.-. r*=^^[a* + y + (a*—b*)coB2xn2 

or, r*=a* ooB^xn + b^Bin^ocn. 

Fig. 8. 




If r be resolved into its normal and 
tangential components ot=:n and rt=zt 

then, n=J[a-f-6-f(a— ft)cos 2a»i], 

or, n=a QOB*xn+b sin^xn^ 
and, 

^=^(a— d)sin 2a5n=(a— J)sin xn coaxn. 

It is evident from the value of the 
normal component n, that the sum of the 
normal components on any two planes at 
right angles to each other is the same 
and its amount is a+b: this is also a 
general property of stress in addition to 
those previously enumerated. 

a—b 



Also tan nr--=-= _ 

n a cot xn-{-b tan xn 

The obliquity nr can also be found 
from the proportion 

sin nr : i{a—b) : : sin 2xn : r. 

In the case of fluid stress the equations 
reduce to the more simple forms: 

a=b=:r=ny <=0 

For right shearing stress they are: 

a=— 5=-j-r, n=±a cos m, 
t=±a sin m, m=2 xn. 
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And for simple stress they beoooie: 
b=0, r=a ooB m, n=a coa'm, 
f=:a SID m COB m, m=xn. 

Pbobleu 3. — In any atste of atrees 
defined by its principal sttessea, a and b, 
to find the obliqnity and plane of action 
of the stress having a given intensity r 
■atermediate between the intensities of 
the principal stresses. 

To find the obliqnity nr and the direo- 
tioa ttv let Fig, 7 or 8 be constructed as 
follows: assume the direction uv and its 
normal on, and proceed to determine the 
portion of the principal axes with re- 
spect to it. Lay off oo'=a, ob'=l>, in 
the same direction if the intensities are 
of like sign, in opposite directions if un- 
like. Bisect a'b' at n, and on a'b' as a 
diameter draw the circle a'rb'. Also, 
abont as a center and with a radius 
or=r draw a circle intersecting that pre- 
vionsly drawn at r; then is nr the re- 
quired obliquity; and xx\',b'r, yy 1| a'r 
are the directions of the principal stresses 
with respect to the normal on. 

PBOBI.KH 4. — In a state of stress de- 
fined by two giveo obliquities and in- 
tensities, to find the principal stresses, 
and the relative position of their planes 
of action to each other and to the 
principal stresses. 




mal on, and or^=rj, or,=r^ the given in- 
tensities. As represented in tbe figure 
these intensitieB are of the same sign, bnt 
should they have different dgns, it will 
be necessary to measure one of them 
from o in the opposite direction, for a 
change of sign is equivalent to increas- 
ing the obliquity by 180°, as was pre- 
viously shown. 

Join r,r, and bisect it by a perpendicu- 
lar which intersects the common nor- 
mal at n. About n describe a circle 
r,r,a'b'; then oa'=a, ob':=b, a'r^, 6'r,, 
are the directions of the principal stresses 
with respect to r and iV„ aV, with re- 
spect to r„ i.e., ob'r,=xn, and ob'r,^xn^ 
■'• >^,*it—ob'r^—ol>'r^=r^b'r,=r,a'r. 

In case the given obliquities are of op- 
posite sign, as they most be in conjugate 
stresses, for example, it is of no conse- 
quence, in so far as obtaining principal 
stresses a and b is concerned, whether 
these given obliquities are constructed on 
tbe same side of on, or on opposite sides 
of it; for a point on the opposite side of 
on, as r,', and symmetrically situated with 
respect to r„ must lie on the same circle 
about n. But in case opposite obliquities 
are on the same side of on we have 
n,M.,=oJ'r,-f-oft'r,=r,6V,'. 

t is unnecessary to enter into the 
proof of tbe preceding construction as 
its correctness is sufficiently evident from 
preceding problems. 

Tbe algebraic relationships may be 
written as follows: 

i{a-by=i{a+by + r,'-r,{a-i-b)own,r^ 
^{a-by=i(a+b) + r,'-r'{a + b)t>OBn,r, 
.: (a-^6){r,oosn,r,— r,co8»,r,)=r,*— r," 

Also (a— &)oo8 2a:»,-Ko-fi=2r,oo8n,r, 
{a—b)coa2xn, + a+b=2r^ooBn,r, 

which last equations express twice the 
respective normal components, and from 
them the values of xn, and xn, can be 
computed. 

Pboblbu 5.— If the state of stress be 
defined by giving the intensity and 
obliquity of the stress on one plane, and 
its inclination to the principal Btresses, 
and also the intensity of the stresa on a 
second plane and its inclination to the 
principal stresses, to find the obliquity of 
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the stress on the second plane, and the or^ at r^ and r, respectively. Then the 
magnitude of the principal stresses. stresses or,=r„ or,=:r, have equal tan- 
Let the construction in Fig. 9 be ««°*^1 components, and as previously 
effected thus: from the common normal shown these be ong to planes at right 
on lay off or. to represent the obliquity a^g ?« to each other provided these tan- 
and Intensity of the stress on the fii4 f «»*'*1 components are of opposite sign, 
plane; draw od so that nod=xn,-J, So that when we find the position of the 
the difference of the given inclination; planes of «.tio„^ one obliquity as nr., 
of the normals of the two planes; "^"'^ ^ ^^«» <>° the other side of on, 
through r, drawr.r, perpendicular to od; f« '*''• • ^''!. 'f "^ *••« construction is 
about o a^ a center describe a circle with ^^'^ """^ »« *»"*' »^'«*<Jy P^*"- 
radius r, the given intensity on the Problem 8. — In a state of stress de- 
second plane, and let it intersect r/, at fined by its principal stresses, to find the 
r. or r/, then is nr, the required obliquity, intensities, obliquities and planes of 

This 18 evident, because ^. £ \i. ^ i_. i. »^ 

' ^ action of the stresses which have maxi- 

xn=nb'r^-\a'nr^, xn^-nh\=:ia'nr^, ^^^ tangential components. 
.-. nod^(me=\{mr^-\-onr^^ ^ I^ Y\g. 9 make oa'^a, ob'=b and 

--180 (xfi^ xn^) describe a circle on a'5' as a diameter; 

If xn^ and xn are of different sign then the maximum tangential component 

care must be taken to take their alge- is evidently found by drawing a tangent 

braic sum. at r parallel to on, in which case <=a— ft, 

The construction is completed as in and rb\ ra the directions of the 

Problem 4. principal stresses make angles of 45° 

Problem 6.-In a state of stress de- f^^ ^' ^!?i^^ J?*y ^ otherwise stated 
- , , !_,... J -xi. "7 saymg that the planes of maximum 

fined by two given obliquities and either tangential stress bisect the angles be- 
both of the normal components or bpth tween the principal stresses; or con- 
of the tangential components of the in- versely the principal stresses bisect the 
tensities, to find the principal stresses ^ng^^s between the pair of planes at 

and the relative position of the two ^^^ ^^8^", *^ ^*^^ ^^^^.^ ^" ^*^^^*^ ^^^ 
wu^ tc ti c ys,otvsjMM s,x cue vwv taugcutial strcss IS a maximum. 

planes of action. It ig unnecessary to extend further the 

If in Fig. 9 the obliquities nr^^ nr^^ and list of problems involving the relations 
the normal components o^=n„ o<,=n just emploved as they will be readily 
are given, draw perpeadiculars at t^ and solved by the reader. 
t^ intersecting or, and or^ at r, and r, re- In particular, a given tangential and 
spectively. normal component may replace a given 

If the tangential components ^,r,=<, intensity and obliquity on any plane, 
and <ar,=r, are given instead of the nor- We shall now give a few problems 
nial components, draw at these distances which exhibit specially the distinction 
parallels to on which intersect or^ oi\ at between states of stress defined by 
r^r^ respectively. Complete the con- principal stresses of like sign and by 
struction in the same manner as before, principal stresses of unlike sign, {i.e. the 

Problem 7.— In a state of stress de- djsUnction between oblique stress and 

^j,.^ ••!* jr^ oblique sheannir stress), 

fined by its principal stresses a and o, to ^ ° ' 

find the positions and obliquities of the PROb^-^m 9.— In a state of stress de- 

stresses on two planes at right angles to ^°®^ ^^ ^"^^ principal stresses, to find 

each other whose stresses have a given ^^« mclmation of the planes on which 

tangential component t. ^^® obliquity of the stress is a maximum, 

Fig. 9, slightly changed, will admit of ^^ ^°^ ^^^« maximum obliquity and the 

the required construction as follows: lay intensity. 

off on the same normal on, oa'= a, oft'= ft; In Fig. 10 let oa*=.a^ oV^=^h^ the 

bisect a*V at n ; erect a perpendicular principal stresses; on a'h' as a diameter 

n«=< to a'h' at n ; draw through e a describe a circle; to it draw the tangent 

parallel r/, to on intersecting ot^ and or^\ then nr^ is the required maximum 
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obliqaity and or, the required intensity. 
It b evident from inspection that in the 
given state of stress there can be no 
greater obliquity than nr^. The direc- 
tions of the principal axes are b'r„ a'r, 
as has been before shown. 

There are two planes of maxim nm 
obliquity, and or,' represents the second ; 
they are sitnated symmetrically about 
the principal axes. 
Bisect nr, by the line od, then 

ooV,=yn ,•. onr,=2i/n, but 

onr, + nor^=60° or, 2yn+nr,= D0° 

.*. \nr,-\yn= 46", but 

odr^^doa' + oa'd ,: orfr,--4B*, 

bence the line bisecting the angle of 

maximnm obliquity bisects also the 

angle between the principal axes. This 

is the beat test for the oorrectness of the 

final position of the planes of maximnm 

obliquity with reference to the principal 

axes. 

Fig. 10. 




Fboblku 10. — In a state of stress de- 
fined by its maximum obliquity and the 
intensity at that obliquity, to find the 
principal stresses. 

In Fig. 10 measure the obliquity nr^ 
from the normal on and at the extremity 
of or^=r, erect a perpendicular inter- 
secting the normal at n. Then complete 
the figure as before. The principal 
axes make angles of 45° at o with od 
which bisects the obliquity nr,, 

Tlic algebraic statement of Problems 
6 and 10 is: 



— cos2im, r*=tii 



=a cot SBn=b tan am, .■. a=b tan'xM 



Problbh 11. — When the state of 
stress is defined by like principal etreasex, 
to find the planes of action and intensi- 
ties of a ^air of conjugate stresses having 
a given oommon obliquity less than the 
maximnm. 

In Fig. 10 let ftr,=nr be the eiven 
obliquity; describe a circle on a'b m a 
diameter; then or^=r^ or =r-^ are the 
required intensities. The lines a'r , 6'r, 
show the directions of the principal axes 
with respect to or,, and a r' b'r\ with 
reopect to or,'=or^. The obliquities of 
conjugate stresses are of ojipoHite Mgn, 
and for that reason r,' is employed for 
finding the position of the priuoipal 
Stresses. The algebraic expression of 
these results can be obtained at once 
from those in Problem 4. 

Pboblkm 12.— When the state of stress 
is defined by the intensities and common 
obliquity of a pair of like conjugate 
stresses, to find the principal stresses and 

aximnm obliquity. 

This is the case of Problem 4, so far as 
finding the principal Ktresses is concerned, 
and the maximum obliquity is then found 
by Problem 0. The coiistmction is given 
in Fig. 10. 

Pkobleu l:t,— Let the maximum ob- 
liquity of a state of oblique stress be 
given, to find the ratio of the intensities 
of the pair of conjugate stresses having 
a given obliquity less than the maxi- 
mum. 

In Fig. 10 let nr, be the given maxi- 
mum obliquity, anil n r, the given ob- 
liquity of the conjugate stresxes. At 
any cunvenifnt point on or,, as r, erect 
the perpendicular r,n, and about n (its 
point ol intersection with oh) &* a center 
di-suribe a circle with a radius nr, which 
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cuts nr, at r, and r,; then or-i'Or^=^r^ 
-r'-, is the required ratio. 

It must be noticed that the- scale on 
which or J and or, are measured is un- 
known, for the magnitude of the princi- 
pal stresses is unknown although their 
ratio is ob'-T-oa', In order to express 
these results in formulae, let r represent 
either o( the conjugate stresses, then as 
previously seen 

i(a— 6)'=4 (a + 6)' + r'— r{a + ft) cos nr 

/. 2r=(a-f6)co8 nr± 

[ (a + 6) 'cos'wr — 4ab]>i 

Call the two values of r, r, and r,; 
and as previously shown r*=r^r^; also 

COS. nr„=r„-^i(« + 5) 

r, coswr — (cos'nr— cos'wrj^ 
r, coswr -+- (cos'wr— cos'nrj^^ 

When nr=0 the ratio becomes 

b 1— sin nr. 



14 and 15, when n, denotes the normal 
to a plane of shear, is: 

Fig. 11. 




a 



1 + sm nr^ 

PsoBLEM 14.— In a state of stress 

defined by unlike principal stresses, to 

find the inclination of the planes on 

^hich the stress is a shear only, and to 

find its intensity. 

In Fi^. 11 let oa'=6&, o5'=6, the 
Siven principal stresses of unlike sign; 
'^ti a'b' as a diameter describe a circle; 
^t o erect the perpendicular or^ cutting 
^he circle at r„; then is or^=r^ the re- 
quired intensity, and 6V„ a'r^ are the di- 
rections of the principal stresses. 

It is evident from inspection that there 
is no other position of r^ except r/ 
^^hich will cause the stress to reduce to 
^ shear alone. Hence as previously 
stated the principal stresses bisect the 
ingles between the planes of shear. 

Problem 15.— In a state of stress de- 
iined by the position of its planes of 
shear and the common intensity of the 
stress on these planes, to find the princi- 
pal stresses. 

In Fig. 11 let or^^zzr^, the common in- 
tensity of the shear, and orfi^=xny 
or^a''=.yn the given inclinations of a 
plane of shear; then oa''=.a and ob'=b^ 
the principal stresses. 

The algebraic statement of Problems 



^^-->Ji- 



a-\-b 

-— -=— cos2«n„ 



r;=-^ab=t.' 



r^=±a oota;»p= -j-6 tan ajWj,a=-Jtan'an^ 

Problem 16.— When the state of 
stress is defined by unlike principal 
stresses, to find the planes of action and 
intensities of a pair of conjugate stresses 
having any given obliquity. 

In Fig. 11 let nr^ be the common ob- 
liquity, oa'=af ob'^by the given princi- 
pal stresses. On ab\ as a diameter, 
describe a circle cutting or^ at r^ and r,; 
then or^=^r^^ or^^r^ are the required in- 
tensities. Also, since the obliquities of 
conjugate stresses are of unlike sign, the 
lines r^'a'y r/5'show the directions of the 
principal stresses with respect to on^, 
and rfi\ rjb' with respect to on^. 

Problem 17. — When the state of stress 
is defined by the intensfties and common 
obliquities of unlike conjugate stresses, 
to find the principal stresses and planes 
of shear. 

In finding the principal stresses this 
problem is constructed as a case of 
Problem 4, and then the planes of shear 
are found by Problem 14. The con- 
struction is given in Fig. 11. 

Problem 18.— Let the position of the 
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pl&nes of shear be given in a state of 
oblique shearing stress, to find the ratio 
of the intensities of a pair of conjugate 
stresses having any given obliquity. 

In Fig. 11 at any convenient point r, 
make orjb':=X7iy or^a'-^yn^ the given 
angles which fix the position of the 

S lanes of shear. On a'b' as a diameter 
escribe a circle; make wr, equal to the 
common obliquity of the conjugate 
stresses; then is or^ -7- or, =r^-hr, the ratio 
required. 

The ratio may be expressed as in 
Problem 13, and after reducing by the 
relations 

r/ = — aby r^^ -V- i (^ + *) = "" tan2a»i, 
we have, 

r, cos wr + (co8'/?r+tan*2jcn„)^ 
r, "" cos nt — (cos*wr + tan*2a:7i^)J^ 

When nr=0 the ratio becomes 

a__l+cos 2xn^ 
^"~1— cos 2xn^ 

COMBINATION AND SEPARATION OP STATES 

OP STRESS. 

Problem 19.— When two given states 
of right shearing stress act at the same 
point, and their principal stresses have a 
given inclination to each other, to com- 
bine these states of stress and find the 
resultant state. 

In Fig. 12 let oic^ ox^ denote the di- 
rections of the two given principal -f 
stresses, and let a,=o;ij, «,=ow, repre- 




sent the position and magnitude of these 
principal stresses. Since the given 
stresses are right shearing stresses 
ai=— 6p a,=— ^, and the respective 
planes of shear bisect the angles between 
the principal stresses. Now it has been 
previouiiily shown that the intensity of 
the stress caused by the principal stresses 
«, = —&, is the same on eveiy plane 
traversing o: the same is true of the 
principal stresses a,= — ^, : hence, when 
combined, they together produce a stress 
of the same intensity on every plane 
traversing 0, This resultant state ,of 
stress evidently does not cause a normal 
stress on every plane, hence the result- 
ant state must be a right ^hearing stress. 

Let us find its intensity as follows : 
The principal stresses aj=— ft, cause a 
stress 071^ on the plane y,y ,, and yie princi- 
pal stresses a,= —ft, cause a stress om, on 
the same plane in such a direction that 
a;,omg=ar,oa7 , as has been before shown. 
Complete the parallelogram n^om^r ; 
then or, represents the intensity and ai- 
rection of the stress on y,y,. But the 
principal stresses bisect the angles be- 
tween the normal and the resultant in- 
tensity, therefore, ox^ which bisects 
x^or y is the direction of a principal stress 
of the resultant state, and or=^or^=a is 
the Intensitv of the resultant stress on 
any plane through o. 

The same result is obtained by finding 
the stress the plane y,y,, in which case 
we have 07i,=a, acting normal to the 
plane, and om^^a^ in such a direction 
that x^om^=x^ox^. The sides and angles 
of n^om^r^ and n^om^r^ are evidently 
equal, hence the resultants are the same, 
or^ = or^:=zay and ox bisects x^or^. 

The algebraic solution of the problem 
is expressed by the equation, 

a' = a,* + a/ -f- 2a,a, cos 2 .c,a5„ 

from which a may be found, and, finally* 
the position of or is found from the pro* 
portion, 

sin 2xx^ : a, ; ; sin 2xx^ :«,*.; sin 2x^x^ : a. 

Problem 20. — When any two states 
of stress, defined by their principal 
stresses, act at thC'Same point, and their 
principal stresses have a given inclina- 
tion to each other, to combine these 
states and find the resultant state. 

Let a„ ft,, and a,, ft, be the given prin- 
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to another solution of it, onggt^sted I 
the algebraic expreBsions juBt found. 
In Fig. 13 let 

Now, if oir=x,x^, then or=o'r' ein x^ 

.-. or*=-oa'.oh'=o'it'.o'b' ain'x,!, 

,■, oa'^=a and ob'-=b. 




This Bolulion \s treated more fully in 
Problem 23. 

Pkoblem 23, — When a state of stress 
is defined by its principal streHsep, it is 
required to separate it into two simple 
stresses having a given inclination to 
each other. 

It was shown in Problem 22 that 

<i^b=n^ + a„ and (li^a,*, sin jr,^,. 

Ijet us apply these equations in Fig. 
13 to effect the required construction. 
Make Off' =o, ob'=b; then a'b'=a +a^. 
At o erect a perpendicular to a'b' cut- 
ting the circle of which a'b' is the dia- 
, meter at r; then or^^ab, the producl of 
the principal stresses. Also make a'oi 
=x^x, the given inclination of the sim- 
ple stresses, and let ri \\ a'b' intersect oi 
at i J then or=oi sin x^x, .: ot* = a^a^. 

Make oj=oi and draw jV [| a'b', then 

o'r'=oi, and o'a'.o'b'=^o'r'*, 

;• o'n'=a, and o'b'=a„ 

the required simple stresses, Tliis con- 
struction applies equally whether the 
given principal stresses' are of like or 
nnlike sign, and also equally whether 
the two simple stresses are required to 
have like or unlike signs. 

Problem 24, — When a state of stress 
is defined by its principal stresses, to 
find the inclination of two given simple 
stresses into which it can be separated. 



Id Fig. 13 let oa'=a, ob'=b V<e the 
intensities of the principal stresses, and 
o'a'=a,, o'b'=:n^ be the inten^tiesof the 
g^ven simple stresses. It has been 
already shown that o-|-A=o, -f w,. Draw 
the two perpendiculars or and oV; 
through r draw r*||a'6'; make oi^=oj 
=o'r'; then is oir=iofi' the required 
inclination, for it is such that 
ab=a,a, sin'3:,3:, 

PuoiiLEM 25. — To separate a state of 
right shearing stress of given intensity 
into two component states of right shear- 
ing stress whose intensities are given, and 
to find the mutual inclination of the 
principal stresses of the component 
states. , 

In Fig, 12, about the center o, describe 
circles with radii o«,— a,, oh,=o , the 
given component intensities; and kIso 
about o at a distance OT,=a, the given 
intensity. Also describe circles with radii 
r^m=an„ r,»,i=o«, cutting the first 
mentioned circles at »i, and n,: then is 
ln,owi =ar,a!, the required mutual inclina- 
tion of the principal stresses of the com- 
ponent states. This is evident from 
considerations previously adduced in con- 
nection with this figure. The relative 
position of tho principal stresses and 
princi[ial component stresses is also read- 
ily found from the figure. 

Problem 26, — In a state of right 
shearing stress of given intensity to sep- 
arate it into two component states of 
right shearing stress, when the intensity 
of one of these components is given and 
also the mutual inclination of the princi- 
pal stresses of the component states. 

lu Fig. 12, about the center o describe 
a circle rr with radius or— a, the inten- 
sity of the given right shearing stresp, 
and at »„ at a distance on,=a, from o 
which is tho intensity of the given com- 
ponent, niRku x^Hj',=2x^x„ twice tht- 
given mutual inclmation ; then is ti r, 
the distance from u, to the circle rr tin.' 
intensity of the required component 
stress. The tigure can be completed as 
was done previously. 

It is evident, when the component o, 
exceed ir, that there is a certain maxi- 
mum value of the double inclination, 
which can be obtained by drawing ij,r 
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tangent to the circle rr, and the given in- 
clination is sabject to this restriction. 

Other problems concerning the com- 
bination and separation of states of 
stress can be readily solved by methods 
like those already employed, for such 
problems can be made to depend on the 
combination and separation of the fluid 
stresses and right shearing stresses into 
which every state of stress can be sep- 
arated. 

PROPERTIES OF SOLID STRESS. 

We shall call that state of stress at a 
point a solid stress which causes a stress 
on every plane traversing the point. In 
the foregoing discussion of plane stress 
no mention was made of a stress on the 
plane of the paper, to which the plane 
stress was assumed to be parallel. It is, 
evidently, possible to combine a simple 
stress perpendicular to the plane of the 
paper with any of the states of stress 
heretofore treated without changing the 
stress on any plane perpendicular to the 
paper. 

Hence in treating plane stress we have 
already treated those cases of solid stress 
' which are produced by a plane stress 
combined with any stress perpendicular 
to its plane, acting on planes also per- 
pendicular to the plane of the paper. 

We now wish to treat solid stress in a 
somewhat more general manner, but as 
most practical cases are included in plane 
stress, and the difficulties in the treat- 
ment of solid stress are much greater 
than those of plane stress, we shall make 
a much less extensive investigation of its 
properties. 

Conjugate Stresses. — Let xx^ yy^ zz 
be any three lines through o; now, if 
any state of stress whatever exists at o, 
and XX be the direction of the stress on 
the plane yoz^ and yy that on zox, then 
is zz the direction of the stress on xoy : 
ie.y each of these three stresses lies in 
the intersection of the planes of action of 
the other two. 

Reasoning like that employed in con- 
nection with Fig. 1, shows that no other 
direction than that stated could cause 
internal equilibrium; but a state of stress 
is a state of equilibrium, hence follows 
the truth of the above statement.*! 



Tangential Components. — Let asr, 
yy, zz be rectangular axes through o; 
then, whatever may be the state of stress 
at o, the tangential components along oex 
and yy ^re equal, as also are those along 
yy and zz, as well as those along zz and 

XX. 

The truth of this statement flows at 
once from the proof given in connection 
with Fig. 3. 

It should be noticed that the total 
shear on any plane xoy, for example, is 
the resultant of the two tangential com- 
ponents which are along xx and yy re- 
spectively. 

State of Stress. — Any state of solid 
stress at o is completely defined, so that 
the intensity and direction of 'the stress 
on any plane traversing o can be com- 
pletely determined, when the. stresses on 
any three planes traversing o are given 
in magnitude and direction. 

This truth appears by reasoning simi- 
lar to that employed with Fig. 4, for the 
three given planes with the fourth en- 
close a tetrahedron, and the total dis- 
tributed force acting against the fourth 
plane is in equilibrium with the resultant 
of the forces acting on the first three. 

Principal Stresses. — In any state of 
solid stress there is one set of three con- 
jugate stresses at right angles to each 
other, i,e. there are three planes at right 
angles on which the stresses ere normal 
only. 

Since the direction of the stress on any 
plane traversing a given point o can 
only change gradually, as the plane 
through o changes in direction, it is 
evident from the directions of the 
stresses on conjugate planes that there 
must be at least one plane through o on 
which the stress is normal to the plane. 
Take that plane as the plane of the 
paper; then, as proved in plane stresses, 
there are two more principal stresses 
lying in the plane of the paper, for the 
stress normal to the plane of the paper 
has no component on any plane also 
perpendicular to the papen 

Fluid Stress. — Let the stresses on 
three rectangular planes through o be 
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normal stresses of equal intensity and 
like sigYi; then the stress on any plane 
through o is also normal of the same in- 
tensity and same sign. 

This is seen to be true when we com- 
bine with the stresses already acting in 
Fig. 5, another stress of the same inten- 
sity normal to the plane of the paper. 

Right Shearing Stress.— Let the 
stresses on three rectangular planes 
through be normal stresses of equal 
intensity, but one of them, say the one 
along xXy of sign unlike that of the other 
two ; then the stress on any plane through 
0, whose normal is x'x\ is of the same 
intensity and lies in the plane xox' in 
such a direction rr that xx and the plane 
yz bisect the angles in the plane xox' be- 
tween rr and its plane of action, and 
vox' respectively. 

The stress parallel to yz is a plane 
fluid stress, and causes therefore a normal 
stress on the plane xox'. Hence the re- 
sultant stress is in the direction stated, 
as was proved in Fig. 6. 

Component States op Stress. — ^Any 
state of solid stress, defined by its prin- 
cipal stresses abc along the rectanglar 
axes of xyz respectively, is equivalent to 
the combination of three fluid stresses, 
as follows: 

i(a + 6) alongjcandy,— i(a-f6) along z\ 
\(c'\-a) along z and «,— i(c+a) along y; 
i(6-f c) along y and 2,— i(^4-o) along y; 

For these together give rise to the fol- 
lowing combination: 

i(a-fft)4-i(c-f a)— i(ft + c)=a, along jc; 
i(a + ^>)— i(c + a)-|-i(^>-fc) = ^>, along y; 
^(a + ft)+i(c-f-a)-fi(* + c)=c, along x. 

In case }=0 and c=0 this is a simple 
stress along x. 

Component Stresses. — Any state of 
solid stress defined by its principal 
stresses can also be separated into a fluid 
stress and three right shearing stresses, 
as follows: 

i(a + J-hc) along sc, y, z; 



\{a—b—c) alon^ a;, and 

— J(a -ft— c) along y and z ; 

\{b—<'—a) along y, and 

— i(ft— c— a) along z and x ; 

\{c — a—b) alon^ z, and 

—\{c—a—b) along x and y ; 

It will be seen that the total stresses 
along xyz are abc respectively. This 
system of component stresses is remarka- 
ble because it is strictly analagous in its 
geometric relationships to the trammel 
method used in plain stress. We shall 
simply state this relationship, without 
proof, as we shall not use its properties 
m our construction. 

If the distances pa^=a^ pb^=zb^ />^i=<^ 
be laid off along a straight line from the 
point p, and then this straight be moved 
so that the points a, ft, c, move respec- 
tively in the planes yZy zx, xy ; then p 
will describe an ellipsoid, as is well 
known, whose principal semiaxes are 
along xyzy and are abc respectively. 
Now the distances pa^^ pb^^ pc ^ may be 
laid off in the same direction from p or 
in different directions; so that, in all, 
four different combinations can be made, 
either of which will describe the same 
ellipsoid. But the position of these 
four generating lines through any as- 
sumed point x^y^z^ of the ellipsoid is such 
that their equations are 

7-(-^-^,)=±-(3/-y,)=±7(«~2i) 

Now if the fluid stress i(r/ + ft + c)=or, 
be laid off along the normal to any plane, 
i.e, parallel to that generating line which 
in the above equation has all its signs 
positive, and the other three right shear- 
ing stresses r^r^^ r^r^y r^r^ be laid off 
successively parallel to the other generat- 
ing lines, as was done in plane stresses, 
the line or^ will be the resultant stress on 
the plane. 

PROBLEMS IN SOLID STRESS. 

Problem 27. — In any state of stress 
defined by the stresses on three rectangu- 
lar planes, to find the stress on any given 
plane. 

Let the intensities of the normal com- 
ponents along xyz be anbn Cn respect- 
ively, and the intensities of the pairs of 
tangential components which lie in the 
planes which intersect in a; y z and are 
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peq)eDdioalar to those axes be Ot ht C( re- 
speotively, e.g., at is the intensity of the 
tftDgential component on xot/ along y, or 
its equal on xoz along 2. 



In Fig. 14 let a plane parallel to the 
given plane cut the axes at x^y^z^; then 

the total forces on the area x^y^z^ along 
xi/z are respectively : 
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'^xyx^x'^x—Vfi^x • ^^ + xpy^ . On + «,0^,.af 

in which afip^ are the intensities of the 
components of the stress on the plane 
x^y^z^ along xyz respectively. Now 



y,02^-T-^,y^2,=C0SA:n 
zpx^-^x^y^z^—QiO%yn 
xpy^-r-x^y^z^=zcoszfi. 

,\ Oj = an COS xn + bt . cos zn + Ct cos yn 
h=ct cos x;i + at , cos 2;^ + bn cos yn 
Cj = bt cos ^n + Cn . cos zn + fft cos yn 

and r'=a,' + ^i'+Cj', therefore the result- 
ant stress r is the diagonal of the right 
parallelopiped whose edges are aj)^^. 
In order to construct aj)^^ it is only 
necessary to lay off «« ^>n <?n, «t bt ct along 
the normal, and take the sums of such 
projection^ along xyz as are indicated in 
the above values of afip^. 

Thus, in Fig. 14, let x^y^z^ be the 
traces of a plane, and it is required to 
construct the stress upon a plane parallel 
to it through 0. 



The ground line between the planes of 
I xay and xoz is ox. The planes xoz and 
yoz on being revolved about ox and oy 
respectively, as in ordinary descriptive 
geometry, leave oz in two revolved posi- 
tions at right angles to each other. 

The three projections of the normal 
at o to the given plane are, as is well 
known, perpendicular to the traces of the 
given plane, and they are so represented. 
Let oa^ be the projection of the normal 
on xoy^ and ooy that on xoz. To find 
the true length of the normal, revolve it 
about one projection, say about oag, and 
if ag an^ a%ay then is odn the revolved 
position of the normal. ^ 

Upon the normal let oon = «n, obn = 
bn, ocn = Cn, the given normal compo- 
nents of the stresses upon the rectangu- 
lar planes, and also let oat=at^ obt = bt^ 
oct = Ct, the given tangential compo- 
nents upon the same planes. 

Let a,^aC„ a^b^c^ be the respective 
projections of the points a^^ bn Cn, at bt Ct 
of the normal upon the plane xoy by 
lines parallel to 02, similarly %, etc., are 
projections by parallels to oy, and ax\ 
etc., by parallels to ox. 

We have taken the stresses Cn and Ct of 
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different sign from the others, and so 
have called them negative and the others 
positive. 

It is readily seen that the first of the 
above equations is constructed as fol- 
lows: 

Similarly, the other two equations be- 
come: 

We have thus found the coordinates 
of the extremity r of the stress or upon 
the given plane; hence its projections 
upon the planes of refererence are re- 
spectively OTx^ OVy^ OTz, 

Problem 28. — In any state of stress 
defined by its three principal stresses, 
to find the stress on any given plane. 

This problem is the special case of 
Problem 27, in which the tangential com- 
ponents are each zero. Taking the nor- 
mal components given in Fig. 14 as 
principal stresses we find 0(3r*=an cos xn^ 
ob^=bnOOBj/n, oc,=CnC08»i, as the Co- 
ordinates which determine the stress or' 
upon the given plane, and the projections 
of or' are orxy ory\ orz\ respectively. 

From these results it is easy to show 
that the sum of the normal components 
of the stresses on any three planes is 
constant and equal to the sum of the 
principal stresses. This is a general 
property of solid stress in addition to 
those previously stated. 

Problem 29.— Any state of stress be- 
ing defined by given simple stresses, to 
find the stresses on three planes at right 
angles to each other. 

In Fig. 14 let a simple stress act along 
the normal to the plane x^y^z^^ and cause 



a stress on that plane whose intensity is 
Qn = oan^ then is an cos xn=>oa the in- 
tensity of the stress in the same direction 
acting on the plane yoz. The normal 
component of this latter intensity is 

anCos'j??i=oaj. cos xn'='0a^^ 

and it is obtained by making oa^-'-oa^y 
a^Qz' II x^y^y and a^^a, || oy. The tan- 
gential component on yoz is od' in mag- 
nitude and direction, and it is obtained 
thus: make azd^=.az'a^y then in the 
right angled triangle da^a'^ da^ is the 
magnitude of the tangential component; 
now make od^=da^. This tangential 
component can be resolved along the 
axes of y and z. The stress on the 
planes zox and xoy can be found in simi- 
lar manner, since the tangential compon- 
ents which act on two planes at ri^ht 
angles to each other and in a direction 
perpendicular to their intersection are, 
as has been shown, equal; the complete 
construction will itself afford a test of its 
accuracy. 

Other simple stresses may be treated in 
the same manner, and the resultant stress 
on either of the three planes, due to these 
simple stresses, is found by combining 
together the components which act on 
that plane due to each of the simple 
stresses. 

It is useless to make the complete 
combination. It is sufficient to take the 
algebraic sum of the normal components 
acting on the plane, and then the alge- 
braic sum of the tangential components 
along, two directions in the plane which 
are at right angles, as along y and z in 
yoz. 

The treatment of conjugate stresses i 
general appears to be too complicated t 
be practically useful, and we shall no 
at present construct the problems arisin 
in its treatment. 
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